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Abstract

In this paper, we present a novel analysis
of FEDAVG with constant step size, relying
on the Markov property of the underlying
process. We demonstrate that the global it-
erates of the algorithm converge to a sta-
tionary distribution and analyze its result-
ing bias and variance relative to the prob-
lem’s solution. We provide a first-order bias
expansion in both homogeneous and hetero-
geneous settings. Interestingly, this bias de-
composes into two distinct components: one
that depends solely on stochastic gradient
noise and another on client heterogeneity. Fi-
nally, we introduce a new algorithm based on
the Richardson-Romberg extrapolation tech-
nique to mitigate this bias.

1 INTRODUCTION

Federated averaging (FEDAvVG) (McMahan et al.,
2017) has become a cornerstone of federated learning.
It allows multiple clients to collaborate on a shared op-
timization problem without having to exchange their
local data directly. While FEDAVG has proven practi-
cal efficiency in many federated learning scenarios, its
convergence can be significantly affected by the hetero-
geneity of clients. In fact, FEDAVG performs several
local updates to speed up the training process and re-
duce communication costs. However, this leads to the
local drift phenomenon (Karimireddy et al., 2020): as
the number of local steps increases, each client tends
to converge to an optimum that matches its local data,
rather than the global optimum of the entire coalition,

Proceedings of the 28" International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2025, Mai Khao,
Thailand. PMLR: Volume 258. Copyright 2025 by the au-
thor(s).

3 MBZUAI

leading to biases in the resulting conclusions.

Several methods have been proposed to mitigate the
bias of FEDAVG caused by the heterogeneity across
clients. These approaches typically fall into two cat-
egories: control variates-based methods (Karimireddy
et al., 2020; Mishchenko et al., 2022; Malinovsky et al.,
2022) and primal-dual proximal approaches (Sadiev
et al., 2022; Grudzien et al., 2023). These techniques
allow for more local steps while complying with lower
bounds on the number of communications required for
federated learning (Arjevani and Shamir, 2015).

Recently, it was found that FEDAVG suffers from a
second type of bias known as iterate bias. This bias
appeared in multiple analyse of federated averaging
Khaled et al. (2020); Glasgow et al. (2022); Wang
et al. (2024), as an additional term that scales with
the variance of the gradients and the number of local
steps. This bias arises from the use of local stochas-
tic gradients, similar to what was observed in previous
work on SGD (Pflug, 1986; Dieuleveut et al., 2020).
In this paper, we propose a new analysis of FEDAvG
for strongly convex and smooth local objective func-
tions. Our analysis gives new insights on FEDAVG’s
convergence and bias. It also allows us to design a
simple mechanism that reduces the algorithm’s bias.
Our main contributions are as follows:

e First, we propose a refined analysis of FEDAVG,
with any number of local step, in the determin-
istic setting, where the local gradients are exact.
We recall that, in the presence of client hetero-
geneity, FEDAVG suffers from a bias: it does not
converge to the global optimum, but rather to an-
other point that lies in its neighborhood. Then,
we derive an exact first-order expansion in O(vH)
of this bias, where ~ is the step size and H the
number of local updates.

e We then extend this analysis to FEDAvG with
stochastic gradients. We highlight the Markov



Refined Analysis of Federated Averaging and Federated Richardson-Romberg

property of FEDAVG’s iterates, showing similar-
ity with SGD, as studied by Dieuleveut et al.
(2020). Leveraging this property, we show that,
for any number of local steps, FEDAVG’s iterates
sequence admits a unique stationary distribution
and converges exponentially fast in the second-
order Wasserstein distance. This allows us to pro-
vide a sharp analysis of FEDAVG, establishing an
explicit first-order expansion of its bias in O(vH).
We show that the bias can be decomposed into
two terms: one depending solely on the covari-
ance of the stochastic gradients, and one depend-
ing solely on client heterogeneity. The scaling of
these terms is influenced by both gradient and
Hessian dissimilarity, extending existing results.

e We propose a novel approach for mitigating
bias, addressing both heterogeneity and stochas-
tic noise using the Richardson-Romberg extrap-
olation procedure. In contrast to SCAFFOLD,
this method does not use control variates, and
thus does not incur additional memory cost at
the client level. To the best of our knowledge,
this is the first method capable of reducing the
stochastic bias inherent in FEDAvVG. We validate
this approach numerically, demonstrating that
it can outperform existing bias-correction tech-
niques, such as SCAFFOLD, particularly in scenar-
ios where gradient variance is substantial.

Notation. In this paper, we denote by (-, ) the eu-
clidean dot product, and ||-|| the associated norm. Vec-
tors are column vectors, we denote Id the identity ma-
trix, and 1,, the vector of size n filled with 1’s. For a
three times differentiable function f and ¢ € {1,2,3}
we denote V°f its i-th order derivatives. For a se-
quence of matrices My, ... My, we denote the prod-
uct by H’ZZI My, = M M_q---M;. For two matrices
A, B, we denote A® B the linear operator M — AMB,
where A, B and M are matrices of compatible sizes.
Furthermore, we denote M®F the k*" tensor power of
a tensor M. Let B(R?) be the Borel o-field of R?. For
two probability measures \, v over R? with finite sec-
ond moment, we define the second-order Wasserstein
distance as W3(A, v) = infeera,y [110—97£(d6, d9),
where TI(\,v) is the set of probability measures on
R? x R? such that £(A x R?) = A\(A) and £(R? x A) =
v(A) for all A € B(R?).

2 PRELIMINARIES

Algorithm 1 FEDAvG

Input: step size v > 0, initial §, € R?, number of
rounds 7' > 0, number of clients N > 0, number of
local steps H > 0

1: fort=0toT —1 do

2: forc=1to N do

3: Initialize 60, = 6,

4: for h=0to H —1do

5: Receive random state Zf:[l
h41

6: Set 6171 = 0, — AVE (9",)

7 end for

8: end for

9:  Average: 0141 = £ 3N 01,

10: end for

—_
—_

: Return: 6r

Federated Averaging. We study the federated
stochastic optimization problem

1N
0* in f(0) = — (0) 1
Gal;)geggnf() chzlf() (1)

where for each ¢ € {1,..., N}, f.(0) = ]E[FCZC(G)}, with
Z, a random variable with distribution &., taking val-
ues in a measurable set (Z,Z2), and (z,0) — FZ#(0)
are measurable functions. To solve (1), we consider
N clients indexed by ¢ € 1,..., N, and assume that
each client ¢ has access to its own function f. through
stochastic sampling of FCZ c. In this case, FEDAVG
solves the problem (1) by performing local stochastic
gradient updates on each client. These local iterations
are sent at regular intervals to a central server, which
aggregates them by calculating the average and sends
this updated estimate back to the clients. The clients
then restart their local updates based on this new esti-
mate. Starting from a common initial point 8y shared
by all clients and the server, in each round ¢ € N*
the server sends its current estimate 6; to each client
c €1,...,N. Then each client ¢ starts with this up-
dated value and sets 02, = 0;, and performs H € N*
local updates: for h € {0,...,H — 1},

z!,
6?,—[1 = ag,t —yVF:® (ag,t) )

where v > 0 is a common step size shared by the
clients, and {ng :ece{l,...,N},h e {0,....H —
1},t € N} are independent random variables, so that
for each ¢ € {1,...,N},he{0,...,H—1} and f € N,
th” has distribution &.. Once the local updates are
complete, each client sends its last iteration 95@ to the
central server, which updates the global parameters as

1 N
_ H
buvs = 5 200 (2)
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We give the pseudocode of FEDAVG in Algorithm 1.
The main challenge with this algorithm is that using
local updates introduces bias when the clients’ local
functions are heterogeneous, a phenomenon that we
formally characterize in Section 4 and Section 5.

Assumptions. Throughout this paper, we consider
the following assumptions.

A1 (Regularity). For every c € {1,...,N}, the func-
tion f. is three times differentiable. In addition, sup-
pose that for every c € {1,...,N}:

(a) The function f. is p-strongly convex with p > 0,
that is V2 f.(0) = uld. Moreover, for all z € Z,
the function F? if convex.

(b) There exists a constant L > 0 such that, for all
z € Z, the function F? is L-smooth. In particular,
for all 6,9 € R?, it holds that

IVEZ(0) — VEZ(0)]* <
L{6 — 9, VF(0) — VE*(0)) .

(c) For all € R?, it holds that V2 f.(0) < L1d.
(d) The third derivative of f. is uniformly bounded.

Note that under A1, N~} Zivzl fe is p-strongly con-
vex and therefore has a unique minimizer 6*, and the
operator Id ® V2 f(6*) + V2 f(0*) ® Id is invertible.

A 2 (Heterogeneity Measure). There exist (i 1,Cx2 >
0 such that for any ¢ € {1,..., N}, with 8* as in (1),

N
SNV ~ RO < 2y forie {1,2)
c=1

where we recall that V f(0*) = 0.

Note that when the solution of (1) is unique, which is
notably the case under A1, this assumption also holds.

3 RELATED WORK

Analysis of Federated Averaging. FEDAVG was
first introduced by McMahan et al. (2017). Since
then, numerous analyses have been developed. Initial
studies primarily relied on assumptions of homogene-
ity (Stich, 2019; Wang and Joshi, 2018; Haddadpour
and Mahdavi, 2019; Yu et al., 2019b; Wang and Joshi,
2018; Li et al., 2019). Several works have proposed to
study FEDAVG a fixed-point method by Malinovskiy
et al. (2020); Wang et al. (2021), and multiple works
have shown convergence of FEDAVG with determin-
istic gradients to a biased point, whose distance to
the solution depends on the number of local steps and

heterogeneity levels (Malinovskiy et al., 2020; Charles
and Konecény, 2021; Pathak and Wainwright, 2020),
with an explicit characterization of the bias in the
quadratic case. Over time, various heterogeneity mea-
sures have been proposed to derive upper bounds on
the error of FEDAVG. Among the most common as-
sumptions is bounded gradient dissimilarity (Yu et al.,
2019a; Khaled et al., 2020; Karimireddy et al., 2020;
Reddi et al., 2021; Zindari et al., 2023; Crawshaw et al.,
2024). Other measures include second-order similarity
(Arjevani and Shamir, 2015; Khaled et al., 2020), re-
laxed first-order heterogeneity (Glasgow et al., 2022),
and average drift at the optimum (Wang et al., 2024;
Patel et al., 2023). It has also been demonstrated that
FEDAVG can achieve linear speed-up in the number of
clients (Yang et al., 2021; Qu et al., 2021).

Correcting Heterogeneity Bias. A first approach
for addressing heterogeneity is based on control vari-
ates, pioneered by the SCAFFOLD algorithm (Karim-
ireddy et al., 2020). Mishchenko et al. (2022) later
demonstrated that SCAFFOLD effectively accelerates
training, and since then, other control variates schemes
have been developed (Condat and Richtarik, 2022; Ma-
linovsky et al., 2022; Condat et al., 2022; Grudzien
et al., 2023; Mangold et al., 2024). In addition, a class
of algorithms relying on dual-primal approaches has
been proposed to address heterogeneity (Sadiev et al.,
2022; Grudzien et al., 2023). While both approaches
allow for more local training steps and effectively cor-
rect heterogeneity bias, they do not address the bias
caused by stochasticity when using fixed steps ize.

Stochastic Bias. Even in the single-client setting,
SGD with fixed step size have been shown to exhibit
bias (Lan, 2012; Défossez and Bach, 2015; Dieuleveut
and Bach, 2016; Chee and Toulis, 2017). Dieuleveut
et al. (2020) proposed framing SGD iterates with a
constant step size as a Markov chain, drawing con-
nections to established results in stochastic processes
(Pflug, 1986). Stochastic bias has also been observed
in the analysis of federated learning methods. For
instance, Khaled et al. (2020) identified this bias in
their bounds on client drift, and similar observations
were made in the convergence analyses of Glasgow
et al. (2022); Wang et al. (2024), which compared
SGD’s iterates to those of deterministic gradient de-
scent. In this work, we investigate the iterate bias of
FEDAVG, demonstrating that the stationary distribu-
tion of SGD’s iterates is inherently biased.

Richardson-Romberg. The Richardson-Romberg
extrapolation technique, originally introduced by
Richardson (1911), is a classical method in numeri-
cal analysis. This approach has been widely applied
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across various fields, including time-varying autore-
gressive processes (Moulines et al., 2005), data science
(Bach, 2021), and many others (Stoer and Bulirsch,
2013). Specifically, it has been utilized in the context
of SGD by Dieuleveut et al. (2020) and Sheshukova
et al. (2024). In this work, we extend these ideas to
the federated learning setting, demonstrating that this
form of extrapolation effectively mitigates both hetero-
geneity and stochastic bias.

4 DETERMINISTIC FEDAVG

In this section, we present a new analysis of FEDAvVG
with deterministic gradients (FEDAVG-D), where

= fcforallc e {1,...,N}and z € Z. This analysis
highlights the core philosophy of the method developed
in this paper. Unlike previous analyses, we demon-
strate that FEDAvG-D converges to a point G_EIZ;H) that
differs from the optimal solution #*. We then provide
an explicit expression for the distance between these
two points, allowing us to establish tight upper bounds
on the bias of FEDAVG-D.

In the FEDAvG-D setting, we use the formulation of
FEDAVG-D using fixed-point methods (Malinovskiy
et al., 2020). We thus define the local updates of the
client ¢ by induction, starting from the point € R%:

TR (9) £ (1d=V )T (0)), TOO(@0) 29,

where h € {0,...,H — 1}. The global updates from
(2) can thus be rewritten as

N
(1H) (g) 2 1570 ) (g
T N Z

or, equivalently, we can write T(H)(9) = 6 —
vg ) (6), with the pseudo-gradient

N H-1
g ) é szfc (T (0)) .

First, we show that FEDAvVG-D with deterministic up-
dates converges to a fixed point of T,

Proposition 1 (Stationary Point of FEDAVG-D). As-
sume A 1. Then for all H >0 andy < 1/L, FEDAVG-

D converges to a unique point 0(7’ ) that satisfies
TN H)(G((izg )= HéZtH) and g7 H)(Gézg )) = 0. More-
over, the iterates of FEDAVG-D satisfy

H
— )6y — 8

160 = 8o IP < (1
We note that similar results have been derived by Ma-
linovskiy et al. (2020); Pathak and Wainwright (2020);
Charles and Konecny (2021), using the fact that local

updates are contractive. Nonetheless, we provide a
proof of this statement in Appendix A.1 for complete-
ness. This result shows that taking a larger number of
local updates H effectively speeds up the process, al-

H)

though this can also move the limit point éé'g; away

from the solution 6*.

To characterize this stationary pomt we derive an ex-
plicit expression for the bias 9 7 H) — 6* of FEDAVG.
We define the matrices, for h € {1 ..., H},

1
DO 2 [ VL WTON @) + (1 - w)o)du
0

We also define the following matrix products, that al-
low expressing the update of the error when starting
from the point 49(7 H)

*AleC’ 3

where f* = 517 We now provide an expression
and an upper bound on the bias of FEDAVG-D.

Proposition 2 (Bias of FEDAVG-D). Assume A1 and
A 2. Then for all H>0 and v < 1/L, we have

1 N H
ST L) |

c=1h=1

H-1
Fz,h-i—l:Hé H (Id _ ,YD((:’YJ))
{=h+1

é('YvH) —f* =

det

where TIM = (Id — )Lt B8 gnd F* F* are
defined in (3). Furthermore, if yuH < 1, then
* . A

10 — 0% < 4(H = 1)Cy , with Cy 2 Léua/p -
We prove Proposition 2 in Appendix A.1, using the
fact that T(H) (O_SZ;H)) = 5&2;11) from Proposition 1.
Importantly, when H = 1, the bias of FEDAVG com-
pletely vanishes, recovering the fact that gradient de-
scent converges. Based on Proposition 2, we further
propose a first-order expansion of the bias of FEDAvVG-
D. This highlights that (i) the bias of FEDAvG-D
solely depends on heterogeneity, and (ii) the conver-
gence bound derived in Proposition 2 is sharp for small
values of the product vH.

Theorem 1 (First-Order Bias of FEDAVG-D). As-
sume A1 and A 2. Then for all H > 0 and v < 1/L
such that yuH < 1, we have

- H-1
0 — o =25 0GR

where the heterogeneity bias by is given by

by S sz £(6%)”

and the explicit expression of the reminder term
O(~2H?) is given in Appendiz A.2.

HV2L(0%) = V2F(0)V Fe(07)
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The proof of Theorem 1 is given in Appendix A.2. This
statement shows that the scale of 0 V H) — 6* depends
on the scale of local gradients at 0* but also on the
difference of Hessians at the solution.

Furthermore, as a byproduct of Propositions 1 and 2,
we obtain the following corollary, establishing the con-
vergence of FEDAvVG-D to a neighborhood of 6*.

Corollary 1 (Convergence Rate of Deterministic FE-
DAvG-D). Assume A 1 and A 2. Let H > 0 and
v < 1/L such that yuH < 1. Then the global iter-
ates of FEDAVG-D satisfy

16 = 6*11” < 21— y) ™16 — G|
+272(H —1)2C3.
We prove this Corollary in Appendix A.1. This re-

sult shows that the iterates of FEDAVG-D converge
linearly to a neighborhood of the solution 6*. The ra-
dius of this neighborhood is determined by the level
of heterogeneity among the clients, quantified by (, 1,
and the number of local steps H.

5 STOCHASTIC FEDAVG

In this section, we present our main findings, includ-
ing the first-order expansion of the bias in FEDAvaG
when using stochastic gradients. We demonstrate that
FEDAVG is affected by two types of bias: one due to
heterogeneity and the other one due to stochasticity.
Our analysis is structured into three scenarios, with
progressive complexity.

e First, when the functions f. are quadratic, we show
that, similar to the single-client setting, there is no
stochastic bias, but only a bias due to heterogeneity.

e Second, assuming homogeneous functions, we show
that the bias in FEDAVG still arises due to the use of
stochastic gradients, demonstrating that FEDAVG is
biased even when functions are homogeneous.

e Finally, in the general heterogeneous case, we show
that both sources of bias are observed, and that the
overall bias of FEDAVG is the sum of the biases ob-
served in the two previous settings.

A summary of our results can be found in Table 1. For
our analysis, we introduce the following assumption,
which provides an upper bound on the variance of the
stochastic gradient. This bound is expressed as the
variance at the solution 6*, along with an additional
polynomial term. For all z € Z and 6 € R?, we denote
the centered stochastic gradient by

Vi) , (4)

and we assume that its moments satisfy a form of
smoothness.

e2(0) 2 VFZ(6) —

A 3 (Gradient’s Variance). There exist constants
7,k > 0 such that for any 0 € R, p € {1,2,3}, and
¢ € {1,...,N}, it holds with a random variable Z,
with distribution & and €2(0) as in (4), that

EVP[|leZ(0)]7] < 72 {1+ 16 — 6*||F}
(6%)92]]| < 72.

In particular, we have ||IE[ECZ°

5.1 FedAvg as a Markov Chain

FedAvg Generating Operators. Now we extend
the methodology described in the deterministic case

to FEDAVG with stochastic gradients. For a vec-
tor ZH = {Zh &€ {1,... N},h € {1,...,H}},
and any ¢ € {1,...,N}, we recursively define

ﬂ””‘)(e; ZY") as an operator generating the local up-
dates of FEDAvVG starting form 6. That is, we set
T&’*’O) = Id, and for h > 0, we define

T (0; Z104) 2 (10— V) (T0 (0; 257 )

We then define T H) (0; Z1H1)| an operator generating
FEDAVG’s global updates. That is, for € R%, we let

N

~ 1 ~

TOM (0:25) 2 5 YT 0: 25 . ()
c=1

Note that (5) can also be written as T-H) ) (0; ZE:H) =
0 — yGOH)(9; Z1H) | where

iHZ p T('y,h) (9 Zl h))

With the notations above, we have that the iterates
defined in (2) can be written, for any ¢ > 0, as

(0757Z1 Nt) ) (6)

with le:’ﬁ’t the random states at global iteration ¢. We
now study the properties of the sequence {6;}:en.

GO (6; Z1N)

O = TOH

Properties of {0;},cn as a Markov chain. Equa-
tion (6) shows that FEDAvVG’s global iterates define a
time-homogeneous Markov chain with the correspond-
ing Markov kernel x on (R%, B(R?)) defined as
w(0.B) 2 E[15(TO"(6, Z1))]

for all B € B(R?) and 6 € R?. Next we define, for
t > 1, the iterates of k as k' = k, and, with B €
B(RY),0 € RY,

kTL(0,B) 2 / K'(0,d0)K(9,B) .
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Heterogeneity Bias

N2 £(0%) SN (V2 £e(6%)— V2 £ (0°)V f(67)

Assumption Stochastic Bias
Deterministic (Thm. 1) N/A
Quadratic (Thm. 2) 0

Homogeneous (Thm. 3)

— ok V2F(0F) IV £(0%)AC(0%)
Heterogeneous (Thm. 4) —5%V2f(6*)71V?3 f(6*)AC(6*)

WD 2 (641N | (V2£.(6%)— V2 F(0%)V £.(6%)
0
N2 £(04) N (V2 £.(6%)— V2 £(0*)V f(6%)

Table 1: Summary of our main results. Each row indicates, for one of our four possible setups, which biases
FEDAVG suffers from, and the leading term in the expansion of the bias value for small values of vH.

For any probability measure p on B(R?) and t € N*,
pr! is the distribution of the iterates §; of FEDAVG
when started from 6y ~ p. We now show that the
iterates of FEDAVG converge to a unique stationary
distribution, giving the counterpart of Proposition 1
to the stochastic regime.

Proposition 3 (Convergence of FEDAVG). Assume
A1 and let v < 1/L. Then the iterates of FEDAvVG
converge to a unique stationary distribution 71 | ad-
mitting a finite second moment. Furthermore, for any
wnitial distribution p and t € N*,

W3 (prt, n0 ) < (1 — yp) W3 (p, 1))

The proof is postponed to Appendix B.1. Proposi-
tion 3 shows that the Markov kernel « is geometrically
ergodic in 2-Wasserstein distance. Moreover, the dis-
tribution of #; converges to the limiting distribution
7(H) at a linear rate (1 — ypu), for a step size +, with
the exponent given by the number of effective steps
H x t. As with the deterministic algorithm, a larger
number of local steps H speeds up the convergence,
but leads to additional bias.

Under the conditions of Proposition 3 we define the
mean and the covariance matrix of the parameters un-
der the invariant distribution 7(-#) that is,

g A / 9 ()

sto

" 7)

sto

M A / {9 — )21 (49) .

Convergence to a neighborhood of the limit.
Under the following assumption that gradient’s vari-

ance is uniformly bounded, we can characterize the
)

sto

convergence of FEDAVG to a neighborhood of

A 4 (Bounded Variance). There exists T > 0 such that,
for any 6 € R, E[|[VEZ (6) — V£.(0)]?] < 72.

We stress that we only require this assumption to
study the convergence towards a reference point that
is not the solution #*. In such cases, it is be necessary
to bound the variance around any reference point, like

in A 4. The following theorem gives the convergence

rate of FEDAVG towards a neighborhood of gé;YO,H)

Proposition 4 (Convergence to a neighborhood of
é(%H)). Assume A1, A3, and A 4. Let v < 1/(8L)

sto
and yuH < 1. Then for any t € N*, the iterates 0y of
FEDAVG satisfy
(v, H dy
60— 0™ 1) < (1= )" + 7
2,.272,2

where g = 4|6y — 0*||* + By o LzL SR 32777'2'
The proof is postponed to Appendix B.3. In this rate,
heterogeneity does not appear. However, the reference

point 8" may differ from the global solution 0*.

5.2 Bias of FedAvg

In the remainder of this section, we derive expansions
in v and vH for the bias 67 — ¢* and =", To

this end, we define for ¢ € {1,..., N} the matrices
A H al al
I 2 (Id— V2 f.(0F R B A
= (1= Vf(0m)" Ng (8)

Note that I'f and I'* are analogous to the matrices
introduced in (3), but, contrarily to (3), we use the
Hessian of f. at 8*. We also define the following op-
erator A and matrix C(#*), that will appear in our
analysis of bias and variance of the parameters in the
stationary distribution 77,

A2 (Id® V2f(0%) + V2f(0) ®1d) ",

N
Ce) 2E [% >oetom)®2] . )

Quadratic Functions. When the functions f. are
quadratic, we show that FEDAVG’s bias only comes
from heterogeneity.

A 5. Assume that for c € {1,...,N} it holds
Fe(8) = 3I(A) V20 - 62)11*

where A, € R4 is q positive semi-definite matriz,
and 0% € R
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N
w1 0% when not

Note that 6* generally differ from % >
all the 0%’s or the A.’s are equal.

Theorem 2 (Bias of FEDAvVG, Quadratic Functions).
Assume A1, A2, A3, A5 and~y < 1/L. Then, using
notations from (8), the bias of FEDAVG is given by
(3,H) L ¢
n(v.H * *\—1 * * *
esto -0 *NZ(ICI*F ) (Id*l—‘c)(e 70c) .

c=1

Furthermore, when yuH < 1, it holds that

1055 = 0% || < ~v(H = 1)¢unCan /it

and the following expansion holds, using notations
from (7),

- H-1
H(WvH)_e*: fY( 5 )bh+0(’72H2) ,

sto

S0 = ACH") + O H? +4°H)
where A and C(6*) are defined in (9) and the hetero-
geneity bias by, is given in Theorem 1.

The proof is given in Appendix B.4. This result shows
that in quadratic problems the bias of FEDAVG is
solely driven by heterogeneity. Moreover, it is bounded
above by the product of gradient heterogeneity and
Hessian heterogeneity: there is no bias if either of
these terms is zero. This refines previous bounds in the
quadratic setting (Wang et al., 2024; Mangold et al.,
2024). Moreover, we confirm that there is no bias when
H =1, i.e., when only a single local step is performed.
It is also shown that the variance of the stationary dis-
tribution of FEDAVG scales with %7 up to higher order
terms, which ensures a linear speedup with the number
of clients — a crucial feature for federated learning.

Homogeneous Functions. When the functions f.
are homogeneous, we demonstrate that FEDAVG re-
mains biased, with the bias arising solely from the
stochasticity of the gradients. Namely, we consider
the following assumption.

A 6 (Homogeneity). The problem (1) is homoge-
neous, that is, the functions are equal f. = f and
F? = F?, and the distributions &. are identical for
allce{l,...,N} and z € Z.

Under this assumption, the following theorem holds.
Theorem 3 (Bias of FEDAvG, Homogeneous). As-
sume A1, A3 and AG. Let v < 1/(9L) such that
yuH < 1, then the bias and variance of FEDAVG, as
per (7), under the stationary distribution 7)) are
gH) _ gx _ lbs O(~2H 3/2

sy s TOOH +777)

sto

sto

S0 = ACH") + O H +4772)

where A and C(0%) are defined in (9), and the stochas-
ticity bias bg is given by

b 2 —V2£(0*)LV3 £(0*)AC(6") .

The proof of Theorem 3 is given in Appendix B.5.
Theorem 3 shows that FEDAVG is biased whenever the
function f is not quadratic. This bias is proportional
to the third-order derivative of f and the variance of
the gradients at the solution. Crucially, this bias exists
even if the clients are homogeneous. It is very similar
to the bias of SGD given in Dieuleveut et al. (2020) for
N =1 and results from the fact that the third deriva-
tive of f. is non-zero. Remarkably, Theorem 3 guaran-
tees that as long as vH is small enough, both the bias
and the variance of FEDAVG decrease inversely pro-
portional to the number of clients N, leading to the
desired linear speed-up property.

It is worth noting that the bias of FEDAVG in homoge-
neous settings was previously identified as iterate bias.
Khaled et al. (2020); Wang et al. (2024) showed that
this iterate bias scales with a uniform bound on the
gradient variance, and Glasgow et al. (2022) provided
a refined upper bound using constraints on the third-
order derivative of f. Our paper goes beyond these
results and provides a precise first-order expansion of
the bias. Importantly, our estimate scales with the
variance at #* and does not require a uniform bound
on the gradient variance.

Heterogeneous Functions. Finally, we present the
bias of FEDAVG in the general case, encompassing
non-quadratic and heterogeneous functions.

Theorem 4 (Bias of FEDAvG, Heterogeneous). As-
sume A1, A2 and A 3. Let v < 1/(45L) such that
yuH < 1, then the bias and variance of FEDAVG, as
defined in (7), are

- H-1
95&3’}[)—9*:%1)54'7( 5 )bh+0(’}/2H2+’}/3/2H) ,
s = LACH) + O H*+~%2H)

sto N
where A and C(0*) are defined in (9), and by, and by

are defined in Theorems 2 and 3 respectively.

The proof of Theorem 4 is given in Appendix B.6. This
result shows that the bias of FEDAVG with heteroge-
neous clients consists of two terms: one due to hetero-
geneity, which exactly matches the bias of FEDAVG in
quadratic settings, and one due to stochasticity, which
exactly matches the bias of FEDAvVG for homogeneous
functions. Again, in this result, we show that when
H is of order O(1/N), FEDAVG achieves the linear
speed-up with respect to the number of clients N.
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6 RICHARDSON-ROMBERG FOR
FEDERATED AVERAGING

In this section, we apply the Richardson-Romberg
extrapolation method to FEDAVG in the context of
stochastic gradients and heterogeneous clients. This
approach builds upon the bias expression derived from
Theorems 2 to 4 to define new estimators, that are
built by running FEDAVG twice, using different step
sizes, and combining the resulting iterates. In the fol-
lowing, for t € {0,...,T}, we denote 0(7’H

of FEDAVG with parameters ~vand H, and 9(27’ the
iterates with parameters 2y and H.

the iterates

Richardson-Romberg Extrapolation. Using the
sequences of iterates Q,E’Y’H) and 9§27’H), we define the
federated Richardson-Romberg iterates as
ﬁg%H) é 20t(%H) _ 9&2%1{) .

We stress that computing these iterates does not in-
duce additional memory overhead for the clients. How-
ever, it requires running FEDAVG twice, multiplying
the number of communications by two. We now show
that this procedure reduces FEDAVG’s bias, leading to
a diminished communication complexity. This method
is thus very well suited for use cases where devices have
limited computational resources.

Theorem 5 (Richardson-Romberg). Assume A 1, A
2, A3, and A /. Let v < 1/(45L) and ypH < 1, then
the bias of the Richardson-Romberg estimates is

1§(’Y»H) —9*

sto

= 0(y*H*++°/H)

where 19;7(;}” = Additionally, for

any € > 0, it holds that EHW ) _ 0121 = 0(e?)
when v = O(e?), H = O(1/€*/3), with a number of
communications at least

r=o(dav ().

We prove this Theorem in Appendix C.1. This the-
orem shows that federated Richardson-Romberg ex-
trapolation effectively reduces the bias of FEDAVG.
As a consequence, to reach a given precision, its com-
munication complexity is reduced, in its leading fac-
tor, by a power 2/3 compared to FEDAvG. Note that
in Theorem 5, we only aim to show that the commu-
nication complexity has reduced dependency on the
desired precision €. Thus, we do not study its depen-
dency on the problem’s constants p and L. To derive
more precise results, one needs to give a precise upper
bound on the remainder in Theorem 4. Deriving such
bounds is an interesting direction for future work.

9(7 H) 9(2% )

Averaged Estimator. Although the previous es-
timator reduces both heterogeneity and stochasticity
bias, its error is still dominated by the variance of sin-
gle iterates, requiring to take small step sizes to handle
variance. To overcome this issue, we propose the fol-
lowing averaged Richardson-Romberg estimator

g(T%H) JAN TZ 'yH) )
t=0

In the following theorem, we show that this estimator
converges to a point of reduced bias. To our knowl-
edge, this is the first procedure that uses raw FEDAvVG
iterates to obtain a result with reduced stochastic bias.

Theorem 6 (Richardson-Romberg). Assume A 1, A
2 and A3. Let v <1/(45L) such that yuH < 1, then

lim E {997 - 0012 =0,

T—o0 sto

where we recall that ﬁson) —0* = O(y?H?+~+%/%H).

We prove this Theorem in Appendix C.2. This implies
that, when vH is small, the averaged iterates of FE-
DAVG with Richardson-Romberg extrapolation have a

smaller bias than vanilla FEDAVG.

Note that, in contrast to Diculeveut et al. (2020), we
do not deal with the variance of FEDAVG and its av-
eraged federated Richardson-Romberg approximation
counterpart, i.e., we do not quantify the rate of con-
vergence to 0 of IE[||1§¥H> F)ég(;H)Hz]. Solving this

question is an interesting direction for future work.

Remark 1. When H > 1, one could define a
Richardson-Romberg estimator by varying the number
of local steps, defining w,gw H) 2 (2H- 1)/(H—1)9§%H)—

et(2mH) (v.H) A * ;01 wg'y’H). The sequence

{wr Vo1 converges to (2H — 1)/(H — 1)8:™) —

sto

GSO’QH) = b/ (2N) + O(V2H? +~%/2H'/?), removing
heterogeneity bias but not stochasticity bias. The iter-
ates obtained through this procedure therefore have a

bias close to the one of the homogeneous setting.

and Wy

7 NUMERICAL EXPERIMENTS

This section illustrates our theoretical findings using
regularized logistic regression problems. This prob-
lem can be formulated as (1), using z = (x,y) where
x and y are respectively the data features and la-
bel, and A > 0 is a regularization parameter, and
fe(6 ) E [log(1 + exp(1 — yex . 0)) + A/2]|6]]?], and
for each ¢ € {1,...,N}, the sample z. = (x,y.) is
drawn from client ¢’s local distribution.
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Figure 1: Mean squared error on the synthetic noisy (first line) and on the synthetic heterogeneous dataset
(second line), as a function of the number of communications, for H € {10,100}. In Figures la, lc, le and 1g
(labelled Iterates), we plot the MSE for global iterates of the three methods, while in Figures 1b, 1d, 1f and 1h
(labelled Averaged), we plot the MSE for first 10% of iterates, and then plot the MSE of the averaged iterates
for the last 90% of the iterates. We plot the average over 10 runs, with standard deviation.

We evaluate our approach on two synthetic datasets
with N = 10 clients. The first dataset, coined
synthetic noisy, is made of two blobs with large
variance, split uniformly among clients. It is thus
homogeneous, but contains very noisy data. On
the opposite, the second dataset, coined synthetic
heterogeneous, is made of 2 blobs with small vari-
ance. Half of the clients receive part of the observa-
tions directly, while the other half receive perturbed
records with shuffled labels. In this second dataset,
data is very heterogeneous but has little noise.

We evaluate three algorithms on these datasets:
(i) vanilla FEDAvq, (ii) FEDAvG with Richardson-
Romberg extrapolation, as described in Section 6, and
(iii) ScAFFoLD (Karimireddy et al., 2020). For all ex-
periments, we use N = 10 and run the algorithm for a
total of TTH = 10,000 estimation of the full gradient,
using batch size one and step size v = 0.01.

We plot the results in Figure 1, showing that on
the two problems that we consider, FEDAVG with
Richardson-Romberg extrapolation consistently out-
performs vanilla FEDAVG. However, in non-noisy,
stochastic settings (second line of Figure 1), it only
partly removes heterogeneity bias. On the opposite,
SCAFFOLD, which uses control variates to handle het-
erogeneity, successfully suppresses this bias. More re-
markably, when clients are homogeneous, but have
noisy data (first line of Figure 1), FEDAvVG with
Richardson-Romberg can reduce the bias, while SCAF-

FOLD fails. This further confirms our theory, highlight-
ing that FEDAVG with Richardson-Romberg extrapo-
lation effectively reduces stochasticity bias.

8 CONCLUSION

In this paper, we introduced a novel perspective on
FEDAVG, centered on the idea that the global iterates
of the algorithm converge to a stationary distribution.
We conducted a detailed analysis of this distribution,
deriving an exact first-order expression for both the
bias and variance of FEDAVG’s iterates. Notably, our
results demonstrate that, as long as the number of
local steps is not excessively large, the bias of FE-
DAVG decreases at a rate of 1/N. Moreover, we es-
tablished that FEDAVG’s bias consists of two distinct
components: one arising purely from data heterogene-
ity and the other from the stochastic nature of the
gradients. Crucially, this proves that FEDAVG remains
biased even in perfectly homogeneous settings. Build-
ing on this key insight, we applied the Richardson-
Romberg extrapolation technique to introduce a new
method for mitigating FEDAVG’s bias. Unlike exist-
ing approaches, our method can reduce both sources
of bias—heterogeneity bias and gradient stochasticity
bias—offering a more comprehensive solution. This
opens novel perspectives for the design of federated
learning methods with local training.
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Supplementary Materials

A Refined Analysis of FEDAvVG

A.1 Convergence and Bias — Proof of Propositions 1 and 2 and Corollary 1

To study the convergence of FEDAVG-D, we first recall the notations introduced in Section 4. Namely, we recall
that the local updates of FEDAvG-D for § € R% and 0 < h < H — 1 are denoted as

TONO) =6
TR () 2 TOW(6) — AV £(TEM(6)

Additionally, we recall that T("#) = % Ziv:l T((;”H). First, we show that the local operators are contractions.

Lemma 1 (Contraction of FEDAVG-D’s Local Iterates). Assume A 1. Then, for any v < 1/L, 6,9 € R%, and
ce{l,...,N}, it holds that

10 =V fe(8)) = (0 = AV [ (O))]* < (1 =)l = 9I|* .
Proof. Using strong convexity and co-coercivity, we have for any ¢ € {1,..., N}, that

10 =V £e(0)) = (0 = AV ()P = (10 = 0] + 72|V Fe(0) = V(D) = 29(0 — 9, Vfe(0) — Vfe(D))
<10 = 91> = 29(1 = yL/2){0 — 9,V fe(0) = Vfe(D))
<10 = 9I* = 2yu(1 —vL/2)[|16 - I||* .

To conclude, it remains to note that v < 1/L. O

Lemma 2 (Contraction of FEDAvG-D’s Global Iterates). Assume A 1. Then for any H > 0, v < 1/L, and
0,9 € R?, the operator TO-H) satisfies

ITO@) = T @) < (1 =)™ — 9] .
Proof. First, we show that TE]”” is a strict contraction for any h € {1,..., H}. Note that for any 6,9 € R?,
TORD () — TED () = (TOM(6) =4V £(TOM(6))) — (TED(@) = AV ATEN @)
Thus, it follows from Lemma 1 that
ITEHD(0) =TV @)? < (1= p)ITO(0) = TEM @) (10)

Using Jensen’s inequality and applying (10) recursively, we obtain

N
1
[TOM ) ~ T @) < & IO (6) ~ T @) < (1= 316 ~ 9]

c=1

which concludes the proof. O

We now have all the tools required to prove Proposition 1, that we restate here for readability.



P. Mangold, A. Durmus, A. Dieuleveut, S. Samsonov, E. Moulines

Proposition 1 (Restated). Assume A 1. Then for all H > 0 and v < 1/L, FEDAVG-D converges to a unique
point 9(7’ ) that satisfies T(V’H)(ééZ;H)) = é((iZ’tH) and g(V’H)(égléH)) = 0. Moreover, the iterates of FEDAVG-D
satisfy

~(v,H JH
16, — 85112 < (1 — )]0 — 6|2

det

Proof. By Lemma 2, TOf) is a contraction mapping. Thus, by Banach fixed point theorem, there exists a
unique stationary point ééZ;H) to which FEDAVG-D converges, and this point satisfies the fixed-point equation

TG = 65,

dct , or, equivalently, g(*#) (ééZ{H )) =0.

Then, we study the convergence rate of the algorithm. Let ¢t > 0, and 6,41 be the (¢ + 1)-th global iterate of
FEDAVG. Since T (§0F)) = 607 e write
Oi1 — ééZ{H) =TOM)(p,) — T(%H)(é((jZ’tH)) '
Thus, by Lemma 2, we have
181 = By ™ P = T (00) = TOMD GNP < (1 =)™ 16 — 6™

and the result follows by induction. O

Proposition 2 (Restated). Assume A1 and A 2. Then for all H >0 and v < 1/L, we have
- | NoH
d(vH) _ pgx T T (r:h) *
edet 0 N ;h=1 c fo(e ) )

where YO = (Id — F*)"Ypht il and F% F* are defined in (3). Furthermore, if yuH <1, then

”0((121;]{) =0 <~y(H -1)Cy , with Cy = LC* /e

Proof. Starting from égZ;H), we write

TOMDEL) =TOM ™) = 7V LT "))
= TOM O = A(VILTOP L)) = V1el67) =7V £67)

Using the hessian matrix of f., we write the previous identity as
TOMDO) = TOW O™ = DOPTEM O0™) = 0) =7V 1u(67) (1)

where DU = f V2f, T(%h) (Qéet )) + (1 —¢)0*)dt. Applying (11) recursively, we have

H
T(’Y H)(g(’Y H)) 0* — Fz’l:H(edZtH) 0* ,YZ FZ’h+1:HVfc(9*) 7

h=1
where we set, for h € {1,..., H}, the quantity
H-1 o
FZ,h:H — H (Id_ ( Lev ))
t=h
Averaging over all clients, we obtain
5 N H
n(v,H , * * : *
TOM@ELD) =00 = PO =00 = 55 2D eIV e
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We now use the fact that GthH) is the fixed point of T(-#) je. T(H) (G(A”H)) = HdZ; and subtract F*(Ogl’t -
6*) on both sides to obtain

N H
(Id — )00 - 0%) = %ZZP“”’W 67
c=1h=1

which gives the first part of the result after multiplying by (Id — F*)~! and introducing TR — (Id —
)L h i Now we introduce an additional notation for

H-1

*, N (90 9

ot = 1] (Id—ZD o ) : (12)
{=h

With f %8 defined in (12), we get the following identity:

avg

ééZ;H)_H* N Id F 122 *h+1HVf 9*)

c=1 h=1
N H
© S D W ) T Y g (7) (13)
c=1h=1
N H o
(Ol Z ZZ prohtiH F*,h+1;H)Vf (0%)
avg c c ’
N c=1h=1k=0

0, and (b) is the Neumann series. Note that

where (a) comes from Ziv,l V fe(6%)

*oht1:H *h+1H Z * h1:0— I (Lzﬁ ) N (Coa ) % 0+1:H
HFavg H H Favg NZc’ lD Favg
l=h+1
H
< D(Gé,eﬂ*) 1 N D(GZ/YWQ*)
= ’Y Z c - Nzclzl ¢! .
{=h+1

Thus, we have HF’;VZ;H H FZ’hH’HH < 2v(H — h)L. This gives

co N H
a(v,H * i * : * : *
1055 =071 < 237 3 S| P - v g0
k=0 c=1 h=1
~y co N H
< 5220 22—y (H = WLV 6]
k=0 c=1 h=1

where we also used that ||F*|| < (1 —~yu)H. Consequently, when yuH < 1, we obtain

N
v?LH(H — ~vL(H—-1) 1 ~L(H —1)
105" — 0% < —H leVfc (0] < =T SIVAEO) < TG0, (1)
(1 N N~ p
which is the first part of the result. From (14), it holds that HHdZtH) — 0*|| = O(vH). We now prove that the
same result holds for the local iterates T(V:?) (9(7 H)) Let h € {0,. —1}. Then, using the triangle inequality

and the fact that Vf(6*) = 0, we obtain
TP @) — 0|
= [TOM @) = AV f(TOMGLT)) = (0 = YV 1e(0)) + AV £e(0%) = V()]
< [TOP @) = AV £TOM @) = (07 = AV f 0N+ AV Fe(07) = VFO) . (15)
Applying Lemma 1 and (15) recursively, then A2, we obtain
ITOPHD@T) — 0* || < ITO @) = 0% + AV Le(07) = VIO < 185 = 0% +vH¢or = O(vH)

which proves the second part of the result. O
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Corollary 1 (Restated). Assume A1 and A 2. Let H > 0 and v < 1/L such that yuH < 1. Then the global
iterates of FEDAVG-D satisfy

16: — 01> < 2(1 — y)H)160 — 0312
+292(H —1)%C2.

Proof. We start with the upper bound
H H
16— 6°1” < 2016 — 65, | + 20165, — 6% .
Then, we apply Proposition 1 to bound the first term, and Proposition 2 to bound the second term. O

A.2 Expansion of the Bias — Proof of Theorem 1

Theorem 7 (Expansion of FEDAVG-D’s Bias, Restated from Theorem 1). Assume A1, A2. Let H > 0,~v < 1/L
such that yuH < 1, then the bias of FEDAVG-D can be expanded as

N

* H * * *

0 — o = WD g0y S (V2 0) - VRO A6%) + v HRE™)
c=1

where the expression of R (6 ((ith)) O(vH) is given in (19).

Proof. Starting from (13), we have
B N H
9((1th _ %ZZ (Id — F*) zvlgi-l:H —F:’hH:H)Vfc(@*) _ (16)

We start by writing the expansion of DEW‘). Note that, for ¢ € (0,1), we can write
OO + (1= )% = 6%+ ¢(TOM @) — 6%)
Thus, we can expand the Hessian

V2f‘ (tT v,h) (9("/7H)) + (1 _ t)g*) _ szc(e*) + rih7t(Tgy’h) (Q_SZ;H))) ,

det

where r{;, , R? — R? is such that supyegra |1 5+ (9| /1¥ — 6*[] < +o0. Hence, combining this bound and the

definition of D?’h% we obtain

1
DO = /O {V21u007) + 15 5 (TOP @) f at = V2£(07) + 15, (TOP @)

1
where 1§}, 1 9 — / {r{ n..(0 —67)} dt is such that
0

sup g, (D)|/[19 — 67]] < +oo . (17)
YeR

Using (17) and Proposition 2, we can expand f 5"+ HH = Hf:_hl (Id - 7[)29“’9 )> and (Id — I'™*)~1

Frlt il —1d — y(H — h = 1)V f(0%) + vHRS ,(055™)
FERAEE —1d — y(H — h = 1)V2f(0*) + vHR, h(ggg; )

avg

(Id —T*) 7" = (yHV2f(0*) ™" + Ry (TOM(@055™))
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where R, : R = R4, R, ) = & >N R{ ), and Ry : RY — R4 are such that

sup [|RY , (9)[| /[0 — 0%|| < +oo, and sup Ry (I)]/[|¥ — 0| < +oo . (18)
YER 9ERd

Plugging the three above identities in (16), we obtain

o — -
O - *NZ {vHvH N RO

c=1h=1
(A = b= D(V2£el07) = VF07) + 7 H Ry ™) = RS B0 } T £e07)
N H
= = 30 — k= DV (VA10%) = VO DTL0) + A HROG)
c=1h=1
where N
RO = w2 S0 V2 F07) 7 (Ryn(05™) — R 05V 1.6)
c=1 h=
R
o D0 D AH = h = DR, (05 (V2 1.(67) — V2 (67) £.(60") (19)
c=1 h=
1 N hHl
+ g 2 2 THR O )Ry O™ = RS (05 )V107)
c=1 h=1

Since ZhH:1 h = w, we obtain from above identities that
O = 6" = Z V2F(67) T (VP L(0%) = VA F(6)V10%) + A HRO™)

The result follows from (18), which ensures that supyepa||R(9)||/]|¥ —6*|| < +o00, and Proposition 2, which gives
||9§ZtH) — 0*|| = O(yH) and thus the upper bound on the remainder WHR(G((iZtH)) = O(y?H?). O

B Analysis of Stochastic FEDAvVG

B.1 Convergence to a Stationary Distribution — Proof of Proposition 3

In the stochastic setting, we recall the following operators that generate the iterates of FEDAvG. That is, for
6 € R?, we let
TOO0) 20
Z(y,h41) g, 71:h b1y A F(y.h) (g, 71k ZM (k) (. 7Lk
Tc$ (G,ZC )—Tc’ (ach )7FYVFC (Tc7 (Q,Zc )) )
and define the global update

T (9, Z:H) 2 ZT“ﬂaZlH).

Here Z1H = {Zé~1 cée{l,...,N},he{l,...,H}} is a sequence of independent random variable, such that Zgl
has distribution &;. Additionally, FEDAVG’s global updates are of the form 6y, = 6, — ’yG(“V’H)(Gt; ZH)  where
N H-1
G2 = 33 AT
c=1 h=0

where 0.0(Z),0.1(2),...,0.u(Z) is the sequence obtained using the stochastic local update rule, and Z =
(Zy,...,Zy) is a sequence of i.i.d. random variables.

Contrarily to FEDAVG-D, the stochastic variant of FEDAVG does not converge to a single point. Thus, we rather
study the convergence of its global iterates to a stationary distribution. To this end, we start with the following
two lemma, that are analogous to Lemma 1 and Lemma 2 in the stochastic setting.
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Lemma 3 (Contraction of FEDAvVG’s Local Tterates). Assume A 1. Let 6,19 be random vectors, F be a o-algebra,
such that 0,9 are F-measurable. Moreover, let c € {1,...,N} and Z, ~ &. be independent of F. Then for any
v < 1/L, it holds that

E ([0 = 7VFZ(0)) = (9 = AW EE@)2] < (1= y)E [l - 9] .

Proof. We start by expanding the norm as

10 — YVEZ*(8)) — (9 — AV E(9))|?
= 10 — 9| + V2| VEZ(8) — VEZ(9)|% — 2y(0 — 0, VFZ*(0) — VEZ<(9)) .

By co-coercivity A 1-(b), we have
E [V’ |IVEZ(0) = VFZ ()| | F] < Ly*(0 = 9,V fe(6) — Vfe(D))
Then, strong convexity A 1-(a) gives
E [0 — 9, VFZ(0) = VEZ(9)) | F] = —7(0 = 0,V fe(0) = V fe(0)) < —yullf —0]* .
Combining the above inequalities, we obtain
E (6 — 1V FZ(0) = (0 = AV EZ I | F] < (1= 9m)10 = 92 = 29(1 = L9/2)(0 = 9, V£(0) = V£o(9))

and the result follows from v < 1/L and the tower property of conditional expectations. O

Lemma 4 (Contraction of FEDAVG’s Global Updates). Assume A 1. Let H > 0 and ZiH = {Zé~I 1 ¢ €
{1,..., N}, he {1,..., H}} be a sequence of independent random variable, such that Zg has distribution &z. Let

F be a sub-c-algebra and 0,9 € R? be two F-measurable random variables. Then for the operator ﬂ”””(; ZHH
it holds, for v < 1/L, that

E [T (0, 288) - Tm 9 ZEDIP] < (1 = )™ E (10 - 0] -

Proof. First, remark that

:lv—t(:’y,h-ﬁ—l)(g; Zi:h-H) _ -T—gy,h-‘rl)(ﬁ; ch:h-i-l)
= (TOM (0; ZER) — A (VEZn (TOM (9; ZEM))) — (TOM (95 ZEM) — AV EZ (T (9; 25M)))

Therefore, by Lemma 3, we have
E[[TO40 (6 22 1) = TOMD (95 ZE)|2] < (1= ) [|TO (05 207) = T (93 20412

Thus, using this inequality H times recursively, together with Jensen’s inequality, we obtain

IN

N
~ . ~ . 1 =~ . =~ .
E [T (0; 218 = TOD @ 25 12] < = SOE [IT00(0: 257) = T (95 20|12
c=1

IN

1=y E[ll0 - 0)?] ,
which implies the statement. O

We now use the above lemma to show that the iterates of FEDAVG converge to a stationary distribution.

Proposition 3 (Restated). Assume A 1 and let v < 1/L. Then the iterates of FEDAVG converge to a unique
stationary distribution 701 | admitting a finite second moment. Furthermore, for any initial distribution p and
te N*,

W3 (prt, m0 ) < (1 — yp) W3 (p, 1))
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Proof. The proof is similar to Dieuleveut et al. (2020, Proposition 2), but we give it for completeness. Let A1, Aa
be two probability measures on R%. By Villani et al. (2009), Theorem 4.1, there exists two random variables 6
and 9Y¢ such that

W3 (A1, A2) =E [[|60 — doI?] .

For t > 0, let lejf\,{t = {th cee{l,...,N}, he {1,...,H},} is a sequence of independent random variables,
such that Z!}’t has distribution £z, and define recursively the two sequences for ¢ > 0,

O =T (0, 210 ) . 9 =TOD 288 )

corresponding to two trajectories of FEDAVG, sampled with the same noise but with different initializations. In
the following, we use the filtration F; = U{lejj{}”s : s < t}. By the definition of the Wasserstein distance, and
using Lemma 4, we obtain, for any k£ > 0,

W3 (A1k", Aak') < E[||6; — 04]%]
=E [E[ITO® 01 21H,) - TOD @0mss 2, DI | For]
< (=) E |01 = 01 ]?] -
Applying Lemma 4 resursively, we obtain
WEOKS Aak') < (1= y) 00 — Dol® = (1 — ) T WE(A1, A2)
Taking Ao = A1k, this implies that
W3R Ms ) < (1 =) TWE (A, kA1)

which guarantees that (A1x');>0 is a Cauchy sequence with values in the space probability distributions on R?

that have a second moment. Consequently, this series has a limit ’/T&Z’H) that may depend on A;.

We now show that this distribution is independent from the initial distribution. Indeed, take A\; and Ao with

(v,H

associated limit distributions ) and WE\Z’H). Then, by triangle inequality, we have, for any ¢t > 0,

Wi, m ) < WD AT £ WK Ak ) + WE Qa1 )

which gives W%(WE\’I’H),T(&Z’H)) = 0 by taking the limit as ¢ — 4o0o0. Thus, WE\Z’H) = ﬂg\;”H) and the limit
distribution is unique, and we denote it 7(*#)_ Similarly, we remark that for any probability distribution A on
Rd, and for all ¢ > 0, it holds that

W%(W(%H)/{, (i) < W%(?T(%H)Ii,ﬂ(%H)K,t) =+ W%(W(%H)Ktﬂr(%h’)ﬁ) ,

and taking the limit as ¢ — 400, we obtain that 7(¥)x = 7(7-H) which guarantees that it is a stationary
distribution. O

B.2 Crude Bounds on FEDAvG’s Convergence

In this section, we give crude bounds on the moments of FEDAVG’s stationary distribution, that will be used to
bound higher-order terms in the expansions below.

B.2.1 Homogeneous Functions

For homogeneous functions, we can prove that the errors of FEDAVG’s global and local iterates at stationarity
are of order O(«). This is stated in the next lemma, whose proof follows the lines of classical analysis of SGD,
but only uses the fact that gradients V f.’s at solution have the same expectation.
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Lemma 5 (Crude Bound, Homogeneous Functions). Assume A 1, A 3, and let A 2 holds with (.1 = 0. Let
v <1/(2L), and yuH < 1, then

|2 < _ _ Ht _ pn*12 # 2 .
E[l6: — 6*["] < (1 = 2yu(1 — L)) “"E[|| 6 — 67| ]+u(1ﬂL)T

This implies that, for 8 ~ 71 where 7(VH) s the stationary distribution of FEDAVG with step size v and H
local updates, it holds that

/ 16— 6*2M (d8) = O(7) ,  and / ITOM (0; Z2) — 0*]Px 1 (d6) = O(7)

where ZYH = {ZZL che{l,...,H}} is a sequence of independent random variable, with ZZ‘ ~ &

Remark 2. Lemma 5 only assumes that Vf.(0*) =0 for all c € {1,...,N}. This notably holds under A 6, but
1s in fact a stronger result.

Proof. First, we rewrite the local updates of FEDAvG, for c € {1,...,N} and h € {0,...,H — 1},
T (g, Z1050) = TO0 (9 780 — 49 FZT (T0 (6 217)
Thus, we have
[T (0; 220 — 04|?
= ([T (0 ZE") = 7|2 = 29(VEZ T (T0(0: 220), TO (0: 227) = 0%) + [VFE (TOM (0: 25"
+1

h ~
Decomposing the gradient of VEZe (T&’*’h)(e; ZLM)) using the fact that, since ¢, ; = 0, the functions f.’s satisfy
Vf.(6*) = 0, we obtain

+1 +1 +1

VEZT (T 6; 210) = VEET (T0M (6 217)) = VEZ T (67) + VEET (67) = V £(67)

and using Young’s inequality, we obtain
[TORED (0; ZI0H1) — 9%[[2 < [T (8; Z17) — 072 — 2(VES (TOM (0 217)), T (0; Z57) - 07)
+ 22V (T (0: 257)) = VEE (0P + 247 [V EZ (07) = V1001
Now, we define the filtration F? = o(Z¢ : £ < h), and take the conditional expectation to obtain
E[ITOM (6 25740 = %2 | FE] < ITO(05 25%) = 072 = 2(9 £ TOM) (6 227)), T 0; Z2%) - 07)
+ 7B [|VEST (T 0 220 - VRS 0)? | F
+2%E [IVFZT (07) - V60 | 7]
By Al-(a), Al-(b), and using that V f.(0*) = 0, we have

B [T 0 (0; 20041 - 0|2 | FE]
< [FOM (0 2 = 0°]° = 29(1 = ALYV L(TOM (0; ZE1)), T (0; Z10) - 07)
h+1
+29%E [|VEZ (67) - V1.0 | 7]

~ h+1
< (1= 29u(1 = AD))[TOM (6 ZE") = %2 + 29°E [|VFZ T (07) = V20012 | 72 . (20)
Using (4) together with the fact that the Z"’s are i.i.d., taking the expectation and unrolling (20), we obtain

E[[TO(6; 22M) = 0*1°) < (1 = 2yu(1 — YD) E[|6 — 6*||*] + 2° HE[[]c" (6")]* .
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Therefore, using Jensen’s inequality, A2 and A 3, we obtain the following bound:
E[[TO(60; Z1N) — 0] < (1 — 2yp(1 — yL)"E[|0 — 6*|°] + 29 HT” . (21)
Denoting 6; the global iterates of FEDAvG, and using (21) recursively, we obtain

2y 2

B[~ 0°1) < (1~ 2yu(1 = AL)B{J0 ~ 0" +

which is the first part of the result. Taking 6 ~ 7(*) and using the fact that 7(*"#) is the stationary distribution
of FEDAvVG’s global iterates, §; and 6 are identically distributed, then taking the limit as ¢ — +o0o gives the
second part of the result. Finally, using (20) we obtain

E[| TS (05 25") = 6*|°] < B[I0 — 6] + 29°h7> = O(y +4°h) = O(y) ,
since vh = O(1), which gives the last part of the result. O

Lemma 6. Assume A1, A3, and let A 2 holds with (,1 = 0. Let v <1/(9L), and ypuH < 1 then there exist a
universal constant B > 0 such that

. 3
B 6 — 6°1] < (1= /3B o0 )]+ L

Moreover, for 0 ~ 7 where m(vH) is the stationary distribution of FEDAVG with step size v and H local
updates, it holds that, for p € {2,3}, and c€ {1,...,N},

/ 16 — 6% 22 (d6) = O(v7) . and / [TOM (6 Z20) — ¥ r ) () = O(17)

where ZFH = {Zf che{l,...,H}} is a sequence of independent random variable, with Zf” ~ .

Proof. We now extend the results of Lemma 5 to higher moments of || — 6*||2, with § ~ 7). First, we

prove a bound on the moment of order 6. To this end, we start by deriving an upper bound for local updates,
decomposing the update between a contraction and an additive term due to stochasticity. Starting from a point
0 € R?, we first expand the squared norm, as in the proof of Lemma 5, as

TR0 (g; Z20+1) — %2
= [TOM(0; ZEm) — 042 — 29(VEZ (TOM (0 220)), TOM (0 227 — 0%) + [|VEZS (TOM) (9; 22|12

To reach the sixth power, we take this equation at the power three. We use the fact that, for u,v,w € R, it holds
that (u + v +w)?® = u® + 3u?v + 3uv? + v3 + 3u?w + 6uvw + 3v?w + Juw? + 3vw? + w3. Thus, for a,b,c € R,

(a% — 290 + 422)?
= a5 — 6ya’b + 37y%a*c® + 1279%a%0? — 1293a%bc?® 4 3791 a2 et — 89303 + 129%0%? — 695bc* + 400 .
If a,b, ¢ satisfy |b] < ac, we have
(a® — 29b+7°¢%)?
< a® — 6va*b + 372ac? + 12920 + 127233 + 3y%a’ct + 833 + 1294 a%c* + 6+%ac® 4+ ~°c°
=a® — 67a*b + 157%a*® + 20v3a3 ¢ + 15+ a?ct + 675ac® +4%¢° . (22)
Now, we take a = [[TO™(0;210) — 07|, b = (VEZ (TOM(0; 210)), TOM (0; 21%) — 6%), and ¢ =

+1

||VFCZ? (?Sﬂ’h)(e; ZEM)||. Note that we indeed have b < ac using the Cauchy-Schwarz inequality.
At this point, we have the following bound, for 2 < k£ < 6,
E [ | 7] =E[IVFET @0m e 2| | 7]
<2 B [IVEET (T (6, 287) = VEET 00)|)* | Fr] + B [IVEET G000 25 | F2] )

+1 +1

_ zhtt =~ . zh «
<2 R [IVFET T00 0 22") - VFE (09" | L] + 7}
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Then, by A1, and since V f.(6*) = 0, we have

+1

Zh ~ . Zh+1 «
E[IVEZT (T0M (0 25)) - VEE (o) | FE]

+1

< 2T 65 20 — 0 PE [IVEST (0 (6 20) = VEET (00))1F | 7] (23)

< LFHTEM0; Z) = 0|2V LL(TEM (0 257) = W el07), TOM (0 257) = 0%)
This guarantees that

E [Ck } ff]
< LT (05 20" — 072 (V£ (TOM (05 207)) = V £e(07), T (8 207) — 07) + 281k
Which in turn proves that
E [,YkOJGfkck | ]_-Ch]
< PIALIT[TO (0 21 — 07T L (TP (0: 27)) — V.(0%), TOM (0: 2%) — )
£ TON (6; Z57) — 07O
= IR LE[TON 8 210 — 0V ST (0; Z57)) =V £l67), T (6 257 — 0%)
IO (6 217) — 04[O
Then, we remark that
E [~6ya'b | F2] < —6y|[TOM(0: 25) — 07| (VLT (0; 2:7)) = V£e(07), TEM(0: 257) = 07) . (24)
Plugging (24) in the conditional expectation of (22), we obtain
(a2 — 2yb + 722 < a® + ( 6y 4215920 +4-2073L% + 8- 1571 L% + 16 - 67°L* + 3276L5)
X [ TOM(6; Z27) = 05| NV fo(TOM (8; 25M)), TOM (65 22™) — 6%)
+20 i R =Lk TR (9, Z1hy — 0|16~k rF
k=2
Taking vL < 1/9, we have 2+ 15y2L +4-20v3L% +8 - 159*L? + 16 - 64° L* + 3295 L% < 5. Since, by A1, we have
—VJ(TOM (05 227)), TP (0; Z27) = 0%) < =yl TOM (6 250) — 67,

we obtain the following bound

E[ITOM0 (0 2541 — 07 | F2]

6

< (L= TOM (O ZE") — 0% +20Y " 281 TOM (05 250 — 075 (yr)F (25)
k=2

We now express this sum as a third-power of a sum of two terms: one contraction, and one additive term due
to stochasticity. Let k =2¢+ 1 € {2,...,6} be an odd number, which implies £ = 1 or £ = 2. Since k > 2, then
¢>1,and k > 3. Using the fact that for odd values of k = 2¢ + 1, then k — 1 = 2¢ > 2 is even, we have

[T (0; ZE") — 07|57k (yr)k = | TP (05 ZEM) — 67|72 (yr) 2+
= [ TEM (0, Z10) — 0|42 (y7)? (H?W (6; 21" — e*uw)
< [ TOM (0; ZEM) — 0% 42 (y7) (2||?9’h><9; ZEmy — 04|12 + 27272) . (26)

Using (26) to remove the odd terms from the sum in (25), as well as Holder’s inequality, and following the lines
of proof of Dieuleveut et al. (2020)’s Lemma 13, there exists a constant § > 0 such that

~ _ ~ ) La1l/3 3
B (10406 254 = 0417 < (@ = )8 [IT006 20 - 01)) 4 52e2) L )
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Consequently, we have
B [T (6: 2274 — 0°°] " < (0 = /3B [T (8: 220 — 071 4 5122
Iterating this for H iterations, we obtain that
B [T (0: 20— 0°°] " < (1 = /3 7E (10 - 67))'7* + pHA%2 (25)

Using Jensen’s inequality and (28), we obtain, for any 6 € R,

IN

T(v,H) 1:H * |6 1/3 1 al T(v,H) 1:H *||6 1/3
E[ITOD@: 25 ) - 0*1°] " < = SOE [IT0 D05 288 ) — 0]
c=1

(1= yu/3)"E[ll0 — 0% + BHA?72 |

IN

and the first part of the result follows from iterating this inequality 7" times, starting from 6.

The second part of the result for p = 3 directly follows from the previous inequality. To obtain the result for
p = 2, we use Holder inequality and remark that

2/3
J16=erlatrmas) < (/ne o o <%H><de>) —0(y) |

where the last equality comes from the first part of this Lemma. O

B.2.2 Heterogeneous Functions

Lemma 7. Assume A1, A2, A3, letyv<1/(2L), and yuH < 1. Then we have
Ht H(H -1 272 L2 8
E [||9t - 9*||2] < (1 - %) 160 — 6*)* + (N) (473L2 + 7#) Cf,l + %7'2 .

This implies that, for 6 ~ 7 where 701 is the stationary distribution of FEDAVG with step size v and H
local updates, it holds that

J16 =0 270D (@) = Oy 44217, and [ TR0 2% — 67 2010 (46) = Oy +9°H)
where Z}H = {ZZL che{l,...,H}} is a sequence of independent random variable, with ZZ‘ ~ &

Proof. We start from 6,11 = 6; — fyG(%H)(g; le::jl\L[I% with G(’Y-,H)(Q; le::ﬁ) as defined in Section 5, and use
% Zivz1 V f.(60*) = 0, to obtain

N H-1
Y bt : *
O = 00— 2 0 S {VEET (TOM(0:28M) - V10
c=1 h=0
Using Jensen’s inequality, we have
2
10rs1 — 07 < fz 0~ Z {VEZT (@0 0, 25) - w10 | (29)

To derive an upper bound on this value, we study the following sequence of iterates, that correspond to the local
parameters with recentered gradients, defined for h € {0,..., H — 1},

VO (g; ZE) 2 TOM (0; 210y — 4hv £.(6%) (30)
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which allows to rewrite (29) as

N
* 1 \/ : *
16041 — 0%]° < N S OIVED (0; ZEH) — 0417 (31)

c=1

Next, we bound each term of this sum independently. We do so by induction, setting h € {0,...,H — 1}, we
may expand

[VOD (95 ZEMHY) — 0¥ = VO (0; Z07) — 0% — 4 (VEZS (TO (0 Z11)) — ¥ 1.(0%)|1?
= VO (0; Z2) — 042 + [V S (T (05 Z51) — V £.(07)]2
— 2y (VO (0; 21 — 0% VEZST (TOM (0 ZEM) — V £.(0)) .
We now take the expectation using the filtration F? = o(Z% : £ < h), for h € {0,..., H — 1},
E[IVO-D (65 2100 — 07|12 | FE| = [V (6; Z57) — 07|
%R [|VEZT (T00 (6 257)) = 9 10012 | 2]
2y(VOM (6; ZE") — 0%,V £ (TOM(0; Z1)) = V£.(0%) . (32)
Now, we remark that
VEL (T (0, Z25m) — W L(07) = VEST (V0 (0; 280)) - VEZT (0%)
F VRS (TN 0:2) = VRS (V0 (0:.27)
+VEZ (0% - V1.07)

which allows to decompose the term E [||VFCZ£LH('T'9’}Z) (0; ZEM)) — V £.(0%)]]2 ’ ]-"ch} using Young’s inequality
twice, followed by A1 and A3,

Zh+1 ~ . .
E[IVEZT (F00(0; 25%) - V101 | 7]
< 2B [[VEL (VO (0 Z5) - VEZT (00)) | FE
zhtt = : zZh 5 : ZM *
+AE [[VFET (T (0, 257) - VEET (V0N (0, 22|12 | FE| + 4R [IVEET (0%) = VA0 | 7]

<R [|[VEZ" (VO (0; 210)) — VEZT (092 | FR] 4 AL2TOM (0; 22) — VO (0; ZEM) |2 + 472

= 2B [IVEZT (VO (6 250) = VELT (0%)7 | FP] + AL 1002 + 47 (33)

where the last equality comes from the definition of \N/((;Y’h)(G; ZEM). Furthermore, we have
= 29V (0: ZE") — 07,V f(TOM(0: Z27)) = V .(07))
= =29 (VOM(0; Z07) = 0, V f (VO (05 25)) = V £.(07))
= 20 (V0 Z7) = 07,V L(TEM (0, 257) = V£V (0 2:1)))

We may bound the second term of this identity using Young’s inequality, A1, and the definition of \79”‘) (9; ZEM),

= 29V (0; ZL) = 07,V f(TOM(0; Z17)) = V [ (VO (0; 257))

~ _ . 2 ~ . .
< G IVE 0 257) = 0P + ZHIVL(TOD0: 25) = V0N 0 28|

> . 2v3h2 L2
< G INVE (0 287 — 07 P+ ===

IV (0511 - (34)
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Finally, notice that whenever v < 1/(2L), A1 implies that
Y : * Ay : ZE
IVEH(0: ZE") = 072+ 24%E [|VEZ (VO (0 2E7)) = VEZ (071 | F
= 29(VI0; 27 = 07, LV 0 2:7) = Y 1.67))
< (L =) IV 0; 25 = 071> (35)
Plugging (33), (34) and (35) in (32), we obtain

B[N0 (0 2541 — 07|12 | 2]

IV£(0)1* + 4772 . (36)

~ . 2v3h2L?
< (1-—”gf)nvgwhxe;zgﬁ)-e*|2+-<4y4h2L24-VM)

Taking the expectation and unrolling the inequality, we obtain

E (VO (5 2101 — 67|

H H?*(H — 1 273 L2
g@-?)www+g%MW+1LMwwquW#.

Using this inequality to bound each term of (31), we obtain the following inequality, that links two consecutive
global parameters of FEDAVG,

H2(H -1

= : N N H N 2°L?
E[ITOM0: 250) - 0)?) < (1-0) o —0"]12 + —=; )(474L2+u G+ a2 H?

Unrolling this inequality starting from a point 8y € R, we obtain
Ht H(H -1 . 272 L2 8
1= 02 B )

which gives the first part of the Lemma. The second part follows the same lines as the second part of Lemma 5. [J

Lemma 8. Assume A1, A2 and A 3. Let v < 1/(45L), and ypH < 1 then there exist a universal constant
B > 0 such that

2(H - 1)H 12
4 ( 2) Ce,1 n Al
1 1

EY/3[[10, — 6*][5] < (1 — yp/18)"E (169 — 6*°]""° + 68

This implies that, for 6 ~ 71 where 7(H) s the stationary distribution of FEDAVG with step size v and H
local updates, it holds that, for p € {2,3}, and c € {1,...,N}

[16 =0 ratr sy =0 (4 27 H) L and [T 6 21) — 07| PaC I (@0) = O (o + 4 HP)
where ZYH = {ZZL che{l,...,H}} is a sequence of independent random variable, with ZZ” ~ .

Proof. The proof follows the same lines as the proof of Lemma 6, with an additional heterogeneity term that is
O(y?H?) that plays a role similar to the one of 7. We start with the expansion of the local updates, recentered
by YAV f.(0%), as defined in (30), in the proof of Lemma 7,

[VEm D (9; ZE0 ) — 7|2
~ . N h41 ~ .
= VD0, ZE) — 072 + IV ES T (T (0 210)) - V £(0%)|1?

(

— 2 (VO (9; ZER) — 0% VEZT (TOM (0; Z11)) — V £.(6%)
= [VOM (0; ZER) — 07|24 A2 VEZT (T (0; 210)) — V.
\/ : * htt &~ : *
— 29(VOM (9; ZEM) — % W EZe (VO (0; ZEM)) — Y £.(6%)
+1

— 2 (VO (9, 220y — 0% VFZT (TOM (0, Z1M)) — VEZ (VO (6; Z1M)) (37)

c
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We first bound the following squared norm using Young’s inequality,

h+1 ~ ) “
IVEZ (TOM(0; Z1R)) — V1.0
< 2| VEZ " (VO (0, Z8hy) — EZ (072
1 ~

zh = : zht : Z0 *
HAVE (TOM(0;2:0) = VE (VO 0 Z7M)IP +4|VESe (07) = V0P . (38)

Then, we bound the last term from (37) using Young’s inequality,

+1

— 2y (VO (9, ZER) — gr VEET (TOM (0; Z10) — VEZT (VO (05 Z1)

+1 +1
(

= . 6 +1 o~ . = .
< BIVOD@: 21" 0[P 4 SHIVEET (T00(0: 250) = VRS (VR 0 25D (39)

Plugging (38) and (39) in (37), and using derivations similar to (36) from Lemma 7’s proof, we obtain

IVERED (0 2+ — 6|7

< (1 +yp/6) VO (0; Z0) — 0¥ |[2 — 2y (VO (6; Z10) — 0%, VEZE (VO (05 Z11)) — V £.(0%))
+ 22| VEZ (VO (9; 10y — vEZT (0%))2
10y +1

VRS (T 0, 207) - VRS (VD0 ZE)P 4 4 IVEET (09 = V1@

by Then, we expand the third moment of this equation, similarly to the proof

where we also used 42 < 4% <<

of Lemma 6-(22), with

a® = (1+yp/6)|[VOM (0; Z1m) — 0%
\/ : * ZéL+1 \/ : *
—2yb = —2y(V{P(9; ZEM) — 0% VESe (VO (0, ZER)) — V £.(0%))
1 +1

h ~ h
V2 = 2 |VES (VOM(6; 210) = VEZ (67

107 1 ~ 1 ~

h+ . h+ . h+1 . .
o IVES (TN 0:27) = VES (VO 0: 25 P+ 40P [VES(07) = V00 -

First, we notice that by A1 and since yu < 1, we have —vb < —ﬁaz < —%aQ. Additionally, we have, as

in Lemma 6’s proof, that b < ac.

Now, we remark, since the function z + x'/2 is sub-additive, and (z + y + 2)F < 3F=1(zF + y* + 2*) for all
x,y,z > 0, we have that, for k > 2,

¢k < BT VELT (VO (8: 21M) - VRS (01

3k—110k h . ) h -~ ) h
+ S IVEE (T00(0:210) = VRS (U (6, 21 ) |+ 37 a9 RS (04) = V0]
I : 28 o
=2.6" Y VES (VO (0 Z8m) = VEZ (0M)]F

10 - 30k—1 i~ , . . .
e IVEZT (T (0 Zm)) — VR (VO (9, ZE0) || + 4125 VEZT (07) = V £.007)]F
YE2

Similarly to the homogeneous case, we use A1, A3, as well as the definition of \79”‘)(9; ZEM) in (30) to obtain

1 ~

E [¢* | FI] <264 L2V (0:20%) — 0| B [|VEST (VO (0 280) = V 1072 | 7
10 - 3Ok_1’}/3k/2Lkh2k
[k /2
<265 LV (05 200 — 00V £V (0; Z2E7) = Y £e(07), VO (0 Z) — 6)
10 - 30k71,},3k/2Lkh2k
+ [iF /2

IV Fe(0*)]1F +4- 12871

[V fo(0%)F +4- 128717k
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Which in turn proves that
E [,ykaﬁ—kck ’ ]:;l]
<265 LIV (05 27 — 080TV LV (05 Z0M)) = Y f(00), VM (0: 25" — 0)
10 - 30k_1’75k/2Lkh2k
e
=2 GF I LA TOM (0; 217 — 04| 1 (V£ (TOM(0; 211)) — V £0%), T (0; 25) — 0%)
10 - 30k_1’}/5k/2Lkh2k
e

IV (05 Z57) = 0|V fo(00)1F + 4 - 1257195V (6; 227 — 07| F

[V (6: Z2%) — 0% [V 20 [ + 41257195 V0 (6 Z27) — 97 o7
Proceeding as in (23), we plug this bound in the conditional expectation of (22), and take yL < 1/45, which
gives

(a® —2vb +~%c?)® < a® + (— 67+2-6-1572L+2-62-200 L% +2-6% - 157* L% +2-6* . 67°L* + 2. 6576L5)
XTI (0; 2" = 0|V LT (0: 257)), TOM (0 2" — 07)

10 - 30k71,y5k/2Lkhk
Uk/Q

6
203 2T 22 - 0 |
k=2
< b [T (6: Z2%) — 7 [V £ (TOM (6 207)). T0M (0 27 — o)

73/2}1

IV 7.0 +4- mkwkf’“}

k

6
+2-20-30 ) 25 1FTOM (0; Z2") — 0%°~F min {
k=2

IIVfc(9*)||,'12W}

We now upper bound this sum by the third-power of a sum of two terms: one contraction, and one additive term
due to stochasticity. Let k =2¢+ 1 € {2,...,6} be an odd number, which implies £ =1 or £ = 2. Since k > 2,
then ¢ > 1, and k > 3. Using the fact that for odd values of k = 2 4 1, then kK — 1 = 2¢ > 2 is even, we have,

denoting = = min {%HV]‘C(H*)H, -12’)/7'}7

ITEH(0; 21%) — 075 F2 = |
= [T (0: ZE") — o7 [=222 (T (0 227) — 07| =)

-T—('y,h) (0’ ch:h) i 9*”572652#%1

c

c

< TOI(0: 227 — 0 |[+=2122 (2T (0 227 — 072 4 222)

Following the lines of (27), using the above inequalities, Holder’s inequality, and following Dieuleveut et al.
(2020)’s Lemma 13, there exists a constant 8 > 0 such that

~ _ . ~ ‘ R VC R 3
E[ITO+0 0 220 - 07 < <<1 +911/6)(1 = yu/3E [[TO (0 25 = 0*)°] " + 6:2/2>

3
< (= msor [ITem @z - o) 4 522 2)

Taking the third root, we have

- ) 613 - . ERRYE: 73}12
E [T (8; 21041) = 07)5] 7 < (1 = y/19)E [|TO (6 25 — 0*)°] " + 5

IV fe(6)]1? +1287°7% .

After H iterations, we thus have, using Minkowski’s inequality, and A2 to bound 4 Zi\]:1||Vfc(6‘*)||27

3(H —1)H?

~ . L] /3 L 1/3 ~
E [[TO 40 (6 Z540) = 07]°] " < (1= 9/18)7E [0 - 07"/ + 8 Gor +1267°7%

and the first part of the result follows from iterating this inequality 7" times, starting from 6.

The second part of the result for p = 2 follows from the previous inequality. To obtain the result for p = 2 we
use Holder inequality and Lemma 7, and proceed as in Lemma 6. O
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a(v.H)

B.3 Convergence to a neighboorhood of 6.’ — Proof of Proposition 4

Proposition 4 (Restated). Assume A1, A3, and A/. Lety < 1/(8L) and yuH < 1. Then for any t € N*, the
iterates 0; of FEDAVG satisfy

9 4y
16, = 05™ 1) < (1= 90" + 7

24H??L2¢2 4 3272
w2 I :

where Yo = 4|0y — 0*||* +
Proof. Decomposition of the error. Let 6, € R? be the global iterates of FEDAVG with step size v and
number of local updates H, obtained by starting at a point 6y € R?, with noise sequence leff\{l:T. We define
another sequence v, analogous to the 6,’s, but where the first point ¥ ~ 7(*#) is directly sampled from the
stationary distribution, and where the next iterates are generated by FEDAVG with the same noise sequence
211::1[\1/(,1:T as the original sequence of iterates 6,’s.

Using the identity ||u + v||? < 2||u/|? + 2||v||? for any vectors u,v € R%, we can split the quadratic error as

16, — 6512 < 2016, — 9, + 2|19, — 65| . (40)

sto sto

Bound on forgetting of initial conditions. The first term controls forgetting of the initial conditions. From
Lemma 4, it is upper bounded by

Efl0e = 0¢/I*) < (1 = )10 — Jol|* -

Using Young’s inequality to bound ||fo—g]|?, and Lemma 7 to bound the error’s second moment in the stationary

distribution, we can further decompose

12H?42 122 16
160 — Poll* < 2[00 — 01 + 2|90 — 6”1 < 2[00 — 6%|* + B 167 s

G I
This gives the bound
12H%4%L2C2, 16y
E[[|6: — 9¢]*] < (1 — WN)Ht{QH% —0"* + T +—15 . (41)
Bound on the variance. The second term E[||d; — éb(,z(;H) |?] is a variance term. Since ¥Jg is sampled from the

stationary distribution 7(*#) it also holds that 9; ~ 7("#) for all ¢ > 0. Moreover, by definition of 95;;’”, we

have éég;H) = E[TO-H) (9 ZIH)]. Then, by Jensen’s inequality, we have

E [||’l9t _ g(%

SIE) = E [fl9n - 05

sto

N
H 1 =~ . ~ .
12| < 5 SOE[ITO @0 25 —ETOD o ]2 (42)
c=1
We bound each term of this sum by induction. Let h € {1,..., H}, and F" = o(Z}" Y }*")  then we have

B |[Foron: 28 - BFC 0 s 22| 2]

~ ~ 2
= [To 03 22y — BT (94; 227
= 2y (TOM (D05 Z51) — BITOM (903 ZE)], 9 £TOM (903 ZL1)) — BIV L(TO (9; Z1)])

h+1 ~ . ~ . 2
++°E U\VFZ (TN (W03 Z51)) ~ BIV £(TO™ (90 2] ’f?} . (43)
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By A4 and using twice the inequality ||u+v||? < 2||ul|? 4 2||v||? for any u,v € R%, then using Jensen’s inequality,
we can bound

1~ ~ 2
E [HVFCZ?+ (TOM (90 Z51)) — EIVLTOM (00; 227 ) | ] f?]
~ ~ 2
< 2| VA(TO (00; 281)) = BIV£(TOM Wo; 22| + 27

~ ~ 2
< 4|V ETOM Wo; Z1) = VLETOM (00 22M) |

+ 4HVfC(E[:|:£%h) (Do; ch:h)D _ E[Vfc(:i(:%h) (o; ch:h))]HQ .

<

=~

[T (0 2289) — ¥ BT s 27|
+4E [Hmmﬁw (B3 ZEM)]) = V£ TEM (0o z&h»ﬂ +27 .
Taking the expectation and using A 1-(b), this gives
E [HVFZ (T (903 ZED)) — BV £o(TE (003 ZE7))] \]2]
<88 | [VA T (00 28] - VAT 00 22| + 27
< B [SL(TOM (99; ZE]) — E[TO (903 ZE)], VLLTOD W03 ZE1) = V L(ETO (o3 ZEM) )| + 27 . (44)

Since E[(TO" (do; 21 — BT (003 ZEM)), IV fo(TEM (903 Z1)] = V f(BITO™ (805 ZEM)]))) = 0, it holds
that

B [=2y(TOM (903 21 = BT (00: ZE)], V£(TOM (03 Z51) = BV LTOM (903 2EM)]) |
= B [=2y(T0M (903 251) = EITO™ (o3 ZE)], VSLTOM (905 258) = VEET TP (00: ZEM))] - (45)

Taking the expectation of (43) and plugging (44) and (45) in, then using A 1-(a) and the fact that v < 1/(8L),
we obtain

B [T 2204 -BFe D Gy \ 7]
<& [T 00 288) - BEOD @ 22| + 27
+ (392L = 29) E [7(TOM (905 Z51) — BITOM (95 ZEM)], U JLTOM (90; ZEL)) = Vo (B[TOD (903 Z5M)) )|
< (1= ) [T 003 220 -BFOD v | + 272
Unrolling the recursion and plugging the result in (42), we obtain
E|Il9, - 65™12] < (1 = )" [Hﬁo - 05| ] + 22 HF (46)
And (46) can be rewritten
19 =85 1Pa M 9) < (1= )™ [0 - 05 PR (A0) + 29217

Thus, we obtain that

~2
/ 19— 85,20 (d0) < 27; . (47)

Final result. The result of the lemma follows from plugging (41) and (47) in (40) and integrating the result
over the stationary distribution 7("#)(d¢). O
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B.4 Quadratic Setting — Proof of Theorem 2
B.4.1 Study of the Bias

In this section, we study the particular case where the functions f.’s are quadratic. Specifically, we assume that
there exist symmetric matrices A.’s and vectors 6%’s such that

10 - 2
5|02 - o)
This implies that f.’s gradients are linear, and satisfy Vf.(8) = A.(0 — 6%). Consequently, for all h < H,

E['T'S;%H) (6; ZEH)] — 0% = (Id — vA.)"(6 — 67). For further analysis, we recall the matrices introduced in (8) and
introduce the intermediate matrices T'%/+1:H

fc(e) =

N
. A —_ 1 * 1 *
Fz,h-i-lAH _ (Id _ ’YAc)H h , FZ _ (Id _ ’YAc)H , I’ = N ZI‘C . (48)

Refined Now, we give a proof of Theorem 2, that we restate here for readability.
Theorem 2 (Restated). Assume A1, A2, A3, A5, andy < 1/L. Then, using notations from (8), the bias of
FEDAVG is given by

H
o5, — 0

Id )Y (Id = T3)(6* — 67) .

HMZ

Furthermore, when yuH < 1, it holds that

Sy H .
10536™ = 0% < A(H = 16uoCon /it
and the following expansion holds, using notations from (7),

9(%H) 0* — (H 1)
2

sto

———"by + O(y*H?) ,
20" = SACH) + O H +7°H)
where A and C(0*) are defined in (9) and the heterogeneity bias by is given in Theorem 1.

We prove the explicit expression of the bias and the upper bound from Theorem 2 in Proposition 5, and give the
first-order expansion of the bias in Proposition 6.

Proposition 5 (Bias of FEDAVG for Quadratics). Assume A1, A2, A3, A5, and v < 1/L, then the bias of
FEDAVG with quadratic functions is

sto

N
o) = 9* 4 (1d —T*)~ %Zm T*) (0% —0F) .

Furthermore, when yuH < 1, it holds that

é("/}H) _ 6*

sto

< VH = 162G
— 2/1/ .

Proof. Using derivations similar to the proof of Proposition 2, or following the decomposition derived in the
Section 3 of Mangold et al. (2024), we have, for any point § € R?, it holds, for ¢ € {1,..., N}, that

TOH) (g; ZEHY — o = T (9, 221 — 0% + 07 — 60
H

= DO — 07) + S T EHZTOM (9, 210 4+ 67 — 67
h=1
z ht1:H _ZE"F (v, h
=T5(0 = 0%) + () = 1d)(0* — 03) + > _ TphtHele TOom (g Z1m) | (49)

h=1
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where ¢Z is defined in (4). Taking the average of (49) for ¢ =1--- N and taking the expectation, we obtain
E[TOH) (9, Z1) — 0*] = Zr* (0 —6%) + (Tr —1d)(6* — 67) .

When 6 ~ 7(7) is sampled from the stationary distribution of FEDAVG’s iterates, we have 95&;}[) E[0] =
[T;{Z)Q]. This gives the equation

N
7H * * 7H * * *
egzo ) —-¢*=T (95;‘{0 ) E F - Id oc) .

Subtracting I‘*(Gs(to — 0%) on both side, and multiplying by (Id — I'*)~!, we obtain the following expression for
9(7 H)

*
o as a function of 6*,

N
00 = g* 4 (1d - T*)~ Zld ) (0% — 6%) |

which gives the first part of the result. Then, using the Neumann series together with Lemma 9, we obtain

’yFZ’h—H:HAC(Q* _ 9;)

Z\H
M=
M=

H
o™ = 9*+Z ()’

=0 + Z(F*)t
t=0

Q
I
—

h=0

v (F* h+1:H F;v};;rl H) Ac(e* . 02) ,

=
WE
M=

o
Il
_
>
Il

0

where we defined the notation I’;"fé"’l:H = HhHH(Id —~A), and the second inequality comes from the fact that
Lyt tH SN A.(6F - 67) = 0. Now, we note that

H
Pz7h+1:H > Jht+1H Z FZ’thl:Zfl(’YAc A)F* A+1:H )

avg avg
t=h+1
Therefore, we have
N | NH B
Z =)0 =07 = 7 >3 7 (RE" = Tighteh) A7 = 07)
c=1 c=1 h=0

N H
_ 'VN Z Z Z Fz,thl:lfl(Ac _ A)F;VEngl H o (50)

This yields, using the triangle inequality,

<> ZHND (LA - D) A6 - 67)
t=0

— 1 _ 7/14 Z Hi Z,y Z F* Jh+1:4— 1 ’YA A)F;{,@FLHAC(Q* _ 0:)
t=0 c=1 [f=h+1

S S S [ S rea, - Ay e - 6

h=0 f=h+1 c=1

~
Il
=
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And we obtain

9('}’7 _ 9*

sto

SYEEIEEDID W D3]

1/2
F:,h-ﬁ-l:é—l( F;vfg-i-l HH ) ( Z”A 9* ||>

h=0{=h+1
H(H —1) Y(H — 1)¢i,2Gh1
< Ht 2 v 2] = —————202 200
tz[:) g 26k o )
which is the second part of the result. O
Proposition 6 (Expansion of FEDAVG s Bias and Variance for Quadratics). Assume A1, A2, A3, A5, v<1/L
and yH <1, then we can express 053(;
N
H - 1
0('77H) 0* = ’Y( —1 2 ; 9* o* A o* 2H2
sto IN (Z::lvf f( ))Vf( )+O(’Y ) ’

/ (0097 50 (d0) = LAC(6°) + O H? +5°H)

Proof. Expansion of the Bias (Quadratic Case). We start from the expression in Proposition 5. As in
Proposition 5, we use Lemma 9 and the fact that Tz H Zi\]:l A(6* — 0%) = 0 to obtain

0" = 0%+ (1d-17)" Z Z (CphHlH _rht by 4 (g% —g%)
c—l h=0
Then, following the proof of Theorem 7, we expand
Dttt prht il = (Id — y(H — h — 1) A + O(y*H?) — (Id = vA + O(y*H?)
=~(H—-h—-1)(A-A4,)+O(KH?) ,

(Id —T*)"' = (1d — (Id — yHA + O(v*H?)))™! = (wHA) ' + O(vH) .

Therefore, we obtain

N H-1
05 =0+ (GHAY +OGH) -+ 33 5 (H — b= DA - A) + OGH?) (8"~ 62)
c=1 h=0
N
o AL Z{ HED G- a9 -0} + 062m?)
( N
_p_2H-D) Z — A)A(0* - 00)} + O(y*H?) .

Then, the result follows from V2f.(6*) = A, V2f(6*) = A and Vf.(0*) = A.(0* — 0%).

Expansion of the Variance (Quadratic Case). Starting from (49), and summing for ¢ = 1 to N, we have

N
- : * * * 1 * * * Zc :
T (0 ZE) =07 =T (0 - 0") + > (TE —1d)(6* - 6}) Zr hHLH Ze T (0h) (g Z 1)

c=1 =

Taking the square and expectation of this equation, and using the fact that agents’ local random variables Z}*
are independent from one agent to another, we have

N ®2
/ 0 — %) (1) (dg) = / (r* 0 —6%) + Z (I —1d)( 9g)> (M) (49)

9 N H
’Y Z Z e Jh+1:H o (T 5, h)(g; Zg:h)> Fz,thl:H ’

c=1 h=1
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where C(6) = E{% Zivzl 5%(0)@’2] Then, since (I'} — Id)(6* — 6%) does not depend on 6, and by (50) we have

2 \

N
Z (T —1d)(6* — 0F) = O(y*H?) ,
and using the bound from Proposition 5 which guarantees that [ (6 — 6*)7(")(d6) = O(yH), we obtain

/ (T*(0 — 0%) + (I'* —1d)(0* — 0 )¥* 71 (dg) = T* / (0 — 02 7O (A + O(v*H?) .

Expanding I'* = Id — yH A and using A 3 together with Lemma 7, we have

2
/ (0 — 09?701 (d9) = (1d — vHA) /(9 —0%)®27 () (40)(1d — yHA) + %c (0*) + O(v*H? + 43 H?) .

Simplifying this equation, and using Lemma 7 again, we obtain
(Ao A+ Aol / (60— 62 7 (0) = LC(6) + O H? +7°H) |
and the result follows from A = (Id ® V2f(0*) + V2f(6*) @ Id)~! with V2f(0*) = A, as defined in (9). O

B.5 General Functions, with Homogeneous Agents — Proof of Theorem 3

When functions are not quadratic and gradients are stochastic, local iterates are inherently biased. We start
in the simpler case where agents are homogeneous, which will serve as a skeleton for the general heterogeneous
case. In this setting, the functions f. are all identical, therefore we simply denote them f.

To study this case, we define the following matrices, for h = 0 to H, that are the counterparts of the matrices
defined in (48) in the quadratic setting, using the Hessian at the solution 6*,

I = (1d—V2f(0")" , T* = (ld —7A)"

Crucially, in the homogeneous setting, all agents have the same local matrices. Note that this will not be the
case anymore in the next section, where agents will be heterogeneous. We now prove Theorem 3, that we restate
here for readability.

Theorem 3 (Restated). Assume A1, A3 and A 6. Let v < 1/(9L) such that ypH < 1, then the bias and
variance of FEDAVG, as per (7), under the stationary distribution 7 H) gre

9("/ JH) —_o* = ’}/Vbs_’_o(,y2H+,yS/2) ;

sto
S0 = TACH") + OGP H +5) |
where A and C(0*) are defined in (9), and the stochasticity bias by is given by
by £ —V2F(0%) 71V F(0*)AC(6¥) .
Proof. Expansion of Local Updates (Homogeneous Case). We start by studying the local iterates of the

algorithm, when starting from a point # drawn from the local distribution of FEDAvG. Using a second-order
Taylor expansion of the gradient of Vf at 6*, we have

VH(TEM0: 257)
= . 1 = . = .
= VF(07) + V2FO)(TOM (0 257) = 0°) + S VEFO) (TN 0 2:7) = 072 + R (T (0 2:™)

~ . 1 ~ . .= .
= V2F(O")(TOM(0; 25) = 07) + S VEFO) (TN (0 27) = 072 + RG (TN (0: 2:))
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where we used Vf.(6*) = 0 due to homogeneity, and R3.p, 1s a function that satisfies

sup [R5 ,(0)]1/110 — 6% < 400 .
R

We stress here that, although the local functions are all the same, the noise variables drawn by each agent are
different from each other. Consequently, local iterates are different from each other.

We can use the above expression to expand FEDAVG’s recursion as
'T'E"”h“)(a; ch:h+1) _ o
= T, 257 = " =V FTO(0; 27)) = el (T (6; 287
— T, 22 -
*\ (T : * 1 *\ (T : * c (T :
9 <V2f(9 T O ZER) = 0°) 4 LV SO°NTED (0 20 )% 4 RS (FL0(0:27) )
— el (T (9 1)
= (Id = V2 f(6) (TOM (6; 227) - 6)
= VB )T 210 - 07)7 = yRS  (FOM (05 Z80) — el (T (0 21))
Unrolling this recursion, we obtain

M (6; Z17) — 9 = T2 (9 - 0%)

H-1
—y Tt (;vgfw*)ﬁé%%; ZE) = 07)%2 4 RS, (TOM (0: 217)) 4+ 2 (T0) (0 Zc”l)))

Expansion of E [(ﬂ%h)(e; ZLkhy — 9*)®2} (Homogeneous Case). We start with the expression
h—1

TOD (0 210 — 67 =0 — 67— 7 3 VLTO0 6 28) + L7 (F00 6 21)
£=0

We use second-order Taylor expansion of the gradient to obtain
TOM (05 217 —07 = 06" — Z V21 (07)(TOO(0; 21 ~07) + RS, (TO0(0; 210 + 27 (T00(0; 21))

where RS ), is such that supgega[|RS ,(9)[|/[[9 — 0*[|* < +00. Expanding the square of this equation, and taking
the expectation, we get

~ ®2
/]E (Tgy,h)(e; Zuhy 9*) 700 (d6) — /(9 — 6% (1) (4g)

h—1
-7 / (6 —0") @ <Z V2 fo(0*)ETDO(0: 21°) — 0%) + ERS ((TO0 (05 Z%)) ©1(d0)

£=0

h—1
- v/ (Z V2 fo(0*)ETDO(0: 21°) — 0%) + ERS ((TO0 (05 ZCM))> ® (0 — 6%)x1(a0)
£=0

®X2
/ (ZW Fo(07)( TW(e;ZC“)—e*)+Rs,e<?£“><e;zcl=f>>+aff“<?£“><e;zclzf>>> = (dg) .

From this expansion, Holder inequality, the definition of RS ,, the fact that vH = O(1), A3, Lemma 6, and the
fact that the Z*# are independent from an agent to another, we obtain

/ B (Tom (0:22%) — 97) ™ 700 (a9) = / (6 — )% =02 (d6) + O(+%h) . (51)
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Expression of the Global Update (Homogeneous Case). After averaging the expression obtained for the
local updates, we get an expression of the global update,

T H) (9, ZE) — g =71 (6 — 6%)

N
0 *,H—h—1 3 Z(vh) (. sl pr\®2 ¢ (F(h)(g. 71k ZMY Z(y,h) . 1k
22 S ()TN G~ 0) 4 RS (FOW (6 2 4 2 (T 0227

Integrating over (") and taking the expectation, we obtain

=G - 0)
H-1 1 N N
o H—h—1 / {2v3f(9*)]E(Tgy,h)(9; chzh) . 9*)@2 —I—ER&h(Tg{’h)(e; chzh)} ﬂ.(’Y,H)(dg) )

Using the expression (51), Holder inequality, Lemma 6, and the definition of R3 1, we can simplify this expression
as

H-1
(14 = 1) (8957~ 0) = =3 3" PRI (r) [(0- 67)52 50D @6) + 0(7) + 0
h=0

To give a simpler expression, we remark that Lemma 9 gives the following equality
5 H—-1 1
*H—h—1 _ _ — _ 1*,H 2 *\—1
52T = —5 (1l =T"") v2f(6)
Therefore, starting from the previous equation, reorganizing the terms and using this equality, we obtain
- 1
(1d=1") (05,1 = 67) = =5 (1a—1*") {v2f<9*>-1v3f<9*> [0~ 652 a0 ma8) + 071 + 0(73/2)}
Multiplying by (Id — I'**#)~1 we obtain

05" — 0" = ~3 VA7) H6") [ (0 - 6% 7 (d) + OGRH) + 00 (52)

Bound the Variance (Homogeneous Case). To bound [ (6 — )% 1(+-H)(dh), we proceed as above but
with one less term in the expansion, and study the square. We get

-’F((:%h—i_l)(a; chzh—i-l) —p*
= TOW(; Z50) — 07— (V207 (TOM (6 217) — 0%) + RE(TOM (6 Z10))) — 4=l (T (65 21))
= (14— V2 £(0")) (TOM (03 Z5) = 0%) — RS, (T (0 Z10)) — el (T (6 257))

Unrolling this recursion and averaging over all agents, we get

N H-—
T (6; Z18) — 07 =T (0 — %) — %ZZ prfhmt R (T (0 200) + <247 (TOM (6 227)) }
c=1 h=0

Taking the second order moment of this equation, and using the fact that 'T'Ew’hﬂ)(ﬂ; ZLEh+1) follows the same
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distribution as 6, we obtain

/ (6 — 6%)%% 71 (qg)
N H-1

®2
-/ (r*H (0= 0) = 230 TR (TOM (0 210) + <2 (T (0 Ziih))}) 7 (a0)

c—lh 0

_ / (TH (9 — 6%)) 2 21 (dg)

N H—-1
v/ re-me (ZF*’H"“ {Rs (T 0.2+ 27 (T 0 Z&ﬁ’w)}) ) )
=1 h=0
Y - .
- *H—h—1 T(uh) (. 7Lk ZE T (y,h) (. 71k wH (g %\ (v, H)
NZ/(ZF {ReW(TOM 0 251 + 27 (TOM (6 2 ))}>®(r (0 — 67)) 20 (d0)
N H-1 . ®2
XT/ (Z Z e H-h-1 {Rc (T('Y,h)(e; ZcLh))—l-&cZC (Tg’y,h)(e;zclzh))}> 7_‘_(fy,H)(dtg) .
c=1 h=0

Which gives, using Hélder inequality, Lemma 6, A 3, the definition of RS, the definition of C, and after taking
the expectation,

9 H—1
/(9 —0%)%2 2 (dp) :r*vH/(e 0*)%? -1 (dg) T + VF EC(TOM(0; ZF") + O(v*/2H) .
h=0
Now, using A3 and Lemma 6, we have EC(T{ % h)(9 ZEm)) = C(0*) + O(7), which results in the identity

2
/ (0 — 6%)2% (- H)(dg) = 71 / (0 — 6%)2% (- H) ()T + %C(G*) +0(°?H) .

We now use the fact that I = 1d — yHV?f.(0*) + O(y?*H?), which allows to rewrite

/ (0 — 0)2* 71 (d0) = (Id — yHV£.(6*)) / (0 — 0)%* 71 (d0) (Id — yHV? £.(6*))

2

H
+ ”N C(0%) + O(y*/2H) + O(v* H?) .

Simplifying this expression, we obtain
[ (672250 (a6) = L acr) + 06 + 02 H) |

where we recall that
A= (de V2f(0%) + V2f(0) @1d) " |
Plugging this expression in (52)
A5 — 0 = — LV F(6) R F0)ACE) + 02 H) + 02 |
which is the result O

B.6 General Functions, with Heterogeneous Agents — Proof of Theorem 4

When functions are not quadratic nor homogeneous, local iterates are inherently biased. There are thus two
sources of bias: heterogeneity, as in the quadratic case, and "iterate bias”, that is due to stochasticity of gradients
and the fact that derivatives of order greater than two are non zero.
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To study this case, we define the following matrices, for h = 0 to H, that will be central in the analysis
THh = (1d — yV2£.(0%))"

Note that, contrarily to the homogeneous setting, the I'*"’s differ from an agent to another. This will result in
additional bias due to heterogeneity. We now prove Theorem 4, that we restate here for readability.

Theorem 4 (Restated). Assume A1, A2 and A 3. Let v < 1/(45L) such that yuH < 1, then the bias and
variance of FEDAVG, as defined in (7), are

gt _ e*zlb +V(H*1)

A . 5 bn+O(VH?+~%2H) |

s = XZAC(H*H—O( 2H24++°/2H)

where A and C(0*) are defined in (9), and by and bg are defined in Theorems 2 and 3 respectively.

Proof. Expansion of Local Updates (Heterogeneous Case). We start by studying the local iterates of the
algorithm. Using a second-order Taylor expansion of the gradient of V f. at 6*, we have

TORD(6: 2111 = V(0%) + V207 (TO (6 21)) - 67)
L (T : * c (T .
+ G VL0 (TN (0 2E7)) = 092 + R, (TOW(0: 217))

. . . RS (0 . .
where R is a function that satisfies supycpa {w} < 400. We can use this expression to expand FEDAVG’s

recursion as
TORD(9: 21 = 07 = TOW (0:25%) = 07 = 4V £oTO (03 227) =9l (T (6:227)
= TOM (0 Z1%) = 07— 5 (Ve(67) + V2L(67) (TOM (03 207) — %)

FVRRO) TN (6 210) - 69)7 4 RS, (T 6 ch;h))> el T 6 257

= (Id =y V2e(67) (TOM(0:; Z57) = 67) =1V fe(67)
= JVLA0)TOM 0 27)) = 0% — RG (T (6 27)) el (TOW(0: 217)

Unrolling this recursion, we obtain

H-1
TO(O; 2H) — 7 =100 — %) = YT (vfc(G*) + V?’fc(9*)( (0 Z;)) — 61)%2 (53)
h=0

RS, (TOM (05 210)) + 27 (T0 (0 217))

Expansion of Global Updates (Heterogeneous Case). We start by summing (53) over all agents

N H-1

N Zec 9 =T H 9 9* % z:: Z Fz,H—h—l (vfc(e*) + %V3fc(9*) (T—((;y,h)(e; Zi:h) _ 9*) ®2

RS (T (0 217)))

Similarly to the homogeneous setting, we integrate over 7(7-f) take the expectation and use the fact that
+ Ziv:l 0%, follows the same distribution as 6, to obtain

N H-1

(1d =DA% = = 37 > T L6 (54)
c_l h=0
N H-1

Y r* * T : * ®2 c (T :
~ o o et [ (T2 - 07) 7 4 ERg (T 6 220) L 10 0 a0)

c=1 h=0
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Now we use Lemma 9 to write —y > - 1 pH=h=1 = (Id = T'5") V2f,(6*)~!, and plug it in (54) to obtain
(v.H) _ S
_1*HY (gl H *,H\72 ) —1 *
(Id — 0H) (95t0 ) ~ §:j (Id — T5H)V2 £,(0%) "1V £.(6%) (55)
~ ®2 ~
FZ7H_h—1v3fc(9*) /(E (Tgv,h)(g; ch:h) . 9*) + ERg’h(T((:%h)(g; Zg:h))) a(HH) (d@) )

Interestingly, Equation (55) is composed of two terms. The first term is due to heterogeneity, and is the same as
in the quadratic setting. From Proposition 5, we thus know that this term is of order O(vH). The second one
reflects the bias of FEDAVG that is due to stochasticity of the gradients.

~ ®2
Expansion of [ (T&”’h) (0; ZLP) — 0*) 7(vH)(dh) (Heterogeneous Case). We start with the following
explicit expression of one round of the local updates

TOM (9, Z10) — 0 = 0 — 9*—vZW TOD(9; Z1)) 4 27 (TOD(0; Z11))
/=0

We use the first-order Taylor expansion of the gradient at 8* to obtain

TOM(0: 2") - 6*
h—1 it~ .
=00 =7 Y VLL0) + VELO0)TE0 0 25 - 07) + RS ((TO0 (0 25) + 27 (T00(0: 227))
=0
where RS , : R — R% is a function such that supyeral| RS (O)9)]|/[[9 — 0*[|* < +00. Expanding the square of
this equation, integrating over m(*#) and taking the expectation, we get

~ ®2
/E (Tom 0 22" —07) " 700 (a9) = /(9 — 6*)®% (1) (dg)

h—1
_ ’7/(9 —-0")® <Z Vfe(6%) + V2f6<9*)<]E:|:((:’Y,€)(9; ch:é> —0%) + ERS,Z(-T—E%Z)(GQ ZQl:Z))) a(H) (d6)
£=0
h—1
- 7/ <Z VE(0%) + V207 (BT (0; Z24) — 0%) + ERS ,(TO f>(9;zclrf))> 2 (0 — 6%)x ) (d49)
£=0

h—1 ®2
7 /E (Z Vo) 4 VL0 (TO0(0; 21) — %)+ R (T (0; 22)) 42 (T00(0; Z;f))) x(H)(dg).

From this expansion, Holder inequality, the definition of RS ,, A3 and Lemma 8, we obtain

~ ®2
/ E(TOM(@0:21%) ~0*) " x0(db) = / (0 — 07271 (a0) + O(**H + 7 H?) . (56)

Expression of the Global Update (Heterogeneous Case). Plugging (56) in (55), using Lemma 8 to bound
IR T (0; ZEM) e (rH) (d9) = O(3/2h3/2), and expanding the first term of (55) as in the quadratic setting
(see Proposmon 6), we now obtain

N
05— o = D020y S (VR0 - VROV 160%) + OGP H?)
c=1
N H-1
o % T H -1 Z r* Hfhflv?)fc(a*) / (0 o 6*)®2 7T(’y,H)(do) + 0(73/2H + ’}/2H2) )
c=1 h=0
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Use Lemma 9, that is, ’yzH Lokl — (Id = T%H) V2 f.(6*)!, again, we obtain

(. H) * __ fY(H 1 -1 al 2 * * *
Ot = 0" = —2 ~ )Y (VEL(07) = VR F(0")V £e(607) (57)
c=1

- %Vwa*)—lvf‘f(@*) / (0= 0%)%* x01(d0) + O(v*/2H +~°H?) .

Expansion of the Variance (Heterogeneous Case). To bound [ (6 — )% 1(v-H)(dh), we proceed as above
but with one less term in the expansion, and study the square. We get

T—gfy,h+l)(9; ZhhHy _ g

= (= yV21(67)) (TO(0: 257)) = 07) =7V 1u(07) = ARS, (TO (05 27)) = 7ol (T (0: 227
Unrolling this recursion and averaging over all agents, we get
T (6 214) — 07 =T (0 — o)
N
b

c=1 h=0

H-

H

~ h+1 ~
et G £ (0%) + RS, (TOM (05 210) + 25 (T0 (0 25}

2\4

Taking the second order moment of this equation, using the fact that % Ziv:l 60, follows the same distribution
as 6, and integrating over 7("-) we obtain

/ (0 — 69)%? (1) (g)

N H-1 ®2
-/ ( H(O-0) - L3S TG (0% RS (O (0: 21 427 (T 0 Z”))}) 01 (a0)
c=1 h=0
F*H/(Q—G*)®2 (v H)(dQ)F*H
| N oH- N it
—y [To-6) e (N > 3 T A0+ RS (T (6 250+ (T (9;23:}1))}) 701 a0
c=1 h=0

H-1

P £(07) + RS, (TOM (6 Z50)) +e L lﬁgww;zc%ﬁh))})®(F*’H<90*)) 7 ()
c=1h=0

c=1 h=0

1 ®2
/( iHZ rpt=he 1{Vfc(@*)wz B (TO h>(9;z§ﬁh))+sfi‘“(?g%m(e;zgrh))}) ) (d) .

Now, we expand I'**#~"=1 and use the fact that — ZC 1 Vfe(6*) = 0, which gives

1 N H-1 1 N H—1
§ 2 D TITITIVL0Y) = 5 30 DT V0Y) —yHYf(0)V £.(67) + O H?)
c=1 h= c=1 h=
i 1 N Hfol
N SN AHV? £ (0°)V £o(6%) + O(H?)
c=1 h=0

which, since yH = O(1), implies that

1 N H-1 1 N ®2
NZZFZ’H*h*1VfC(0*):O(7H2) . and ( > FZ’Hh1VfC(9*)> = O(*H?) .

c=1 h=0
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Combining the expansions above with Holder inequality, the definition of RS ,, A3 and Lemma 8, we obtain
/ (0 — 092 (- H) () = 1= H / (0 — 092 7 (- H) (qg)r*H

(’Y,H)(de)_;’_o( 3H3)+O(75/2H2)

N Z TT0 (9 Z0) e

=T / (0 — 0*)%? - (dg)r-" + % Z /C(fg%’”(o; ZFM)r 1 (d0) + O(v*H?) + O(v*/*H?) .
h=

Now, using A 3 and Lemma 8 we have [C(TO"™(6; ZX)x(-H)(dh) = C(6*) + O(vH), which results in the
identity

/ (0 — %)% 70 (dg) = T / (0 — %)% 20 (do)r=H 4 ”NHC(G*) +O(’H?) + O("?H?) .
We now use the fact that I =1d — yHV?2f(0*) + O(y?H?), which allows to rewrite
/ (0 — 6%)%2 0 (d6) = (Id — VHV£(6%)) / (0 — 6%)%2 201 (d6) (1d — HV2£(6%))
+ W%HC(@*) +O(*H?) + 0(*2H?) .
Developing this expression and using Lemma 8, we get
/ (0 —6*)%* (-1 (dg) = /(9 — 092 70 (dg)
— yHV?£(6) / (6 — 6122 71 (dh) — vH / (6 — )22 7 (d0)V2 £ (6*)

v H
+ 5 C(0*) + O H?) + 0(°?H?) .

Simplifying this expression, we obtain
[0~y 20 a) = Lac(er) + OGPH) +06H) |

where we recall that

A= (Ao V2f(0*) + V2f(0) @1d) " |

Plugging this expression in (57), we obtain

a(v,H) * 7(H 1 -1 EN: 2 * * *
c=1

_%VQ (0*)7IV3 £(0*)AC(%) + O(v 2H2)+O(73/2H) ’

which is the result of the theorem. O

C Analysis of Federated Richardson-Romberg Extrapolation

C.1 Convergence of Richardson-Romberg Iterates — Proof of Theorem 5

Theorem 5 (Restated). Assume A1, A2, A3, and A j. Let v < 1/(45L) and yuH < 1, then the bias of the
Richardson-Romberg estimates is

) _px _ 0(72H2+73/2H) ’

sto
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where @ézo’H) 2 2§§3(;H) — 021 Additionally, for any € > 0, it holds that IEH|19§'Y’H) —0%|?] = O(€?) when

sto
v =0(e?), H=0(1/e"/3), with a number of communications at least

1o dw (1))

Proof. Bound on the bias. Recall that the iterates of FEDAVG with Richardson-Romberg extrapolation are

ﬂg’YvH) — 2915%1'1) _ QEQ’YvH) ,

where Hp) are FEDAVG’s iterates with step size v and 97527) are FEDAVG’s iterates with step 2. By Theorem 4,

we have that

_ H-1

o™ 0" = S hbe+ AH 1) 5 Dby + O(PH? ++%2H) | (58)
= 2 2v(H -1
ot g = 2 D=0y 022 4 ) (59)

Multiplying (58) by two and subtracting (59), we obtain the first part of the theorem.
Communication complexity. To bound the number of required communications, we decompose the error as
ﬁ§V7H) — 0 = 29£7»H) _ 9152%H) —0*
=20 — 2635 — o + 950 — 0% 42005 — 050
_ 29t(%H) _9glnH) _ 0§27=H) + e‘s(t?;yﬂ) — 0+ G

sto sto

Using Jensen’s inequality, we thus obtain the following bound on the squared error,

JH * Ay, H 2 a(2v,H (v, H *
197 — 6*||2 < 3)1200) — 205512 + 3]168> — 852 + 3(|0S — 6|2 (60)

sto sto

By Proposition 4, we can bound the first two terms as

~ 24H?~2L2(2 32 8
E [0 — 08 1] < (1= 2™ {aon - 0+ ZE L B2y B (61)
_ 96H>72L?C2, 128 32
E 1260 - 20551] < (1 — {16 — 072 4 o E g BB B g
I o I
By Theorem 4, we have
SH) _ pgx)12 — O(~A A 13 H2 63
1560 I =06 H +7°H") . (63)
Thus, the iterates of FEDAvVG with Richardson-Romberg extrapolation (without averaging) satisfy
H2 2L2 2 )
E[Jo™" —6*|*) = 0 u—wwﬂwrwW+—lﬁﬁﬂ+lﬂ}+¢Huﬂﬁﬂ+lﬁﬂ . (6)
0 ju I
To obtain E[||0; — 0*||*] = O(€?), we require
1 1
V=0, AHI=0(E),  FHP=0() Tzo( kg()). (65)
yud €

Thus, we require H* = O(1/€%) and H? = O(1/¢*), which necessitates H = O(1/¢*/3), which yields yH =
O(€?/3). As a result, the required number of communication to reach mean squared error of order O(e?) is

T-0 (621/3 log (1)) , (66)

which gives the second part of the result. 0
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C.2 Averaged Richardson-Romberg Iterates — Proof of Theorem 6

Finally, we prove the following theorem.
Theorem 6 (Restated). Assume A1, A2 and A 3. Let v <1/(45L) such that yuH < 1, then

. (v, H) _ a(v.H) 2| _
TII_I)I;O]E ||19T ﬁsto || 0 ’

where we recall that 927 — 6% = 0(72]{24_73/2]{)‘

sto

Proof. The only statement to show is that under our assumptions, the iterates {9&7 ,H)}T21 defined as

T

po-H) _ 1§ g0
T T t
t

|
—

)

Il
=)

converge in L? to ééZO’H). This is a consequence of (Durmus et al., 2024, Theorem 8) whose assumptions are

satisfied by Lemma 6 and Proposition 3.

Then, the identity OH) _gr = O(v*H? + +*/?H) follows from Theorem 5. O

sto

D Technical Lemma on Matrix Products

Lemma 9. For any matriz-valued sequences (My)ken, (M} )ken and for any K € N, it holds that:

fro i3 e} on o o]

{=k+1



