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Abstract

In this paper, we present the Federated Up-
per Confidence Bound Value Iteration algo-
rithm (Fed-UCBVI), a novel extension of the
UCBVI algorithm (Azar et al., 2017) tailored
for the federated learning framework. We
prove that the regret of Fed-UCBVI scales
as O(H3|S||AIT/M), with a small addi-
tional term due to heterogeneity, where |S]|
is the number of states, |A| is the number
of actions, H is the episode length, M is the
number of agents, and T is the number of
episodes. Notably, in the single-agent set-
ting, this upper bound matches the minimax
lower bound up to polylogarithmic factors,
while in the multi-agent scenario, Fed-UCBVI
has linear speed-up. To conduct our analysis,
we introduce a new measure of heterogene-
ity, which may hold independent theoretical
interest. Furthermore, we show that, unlike
existing federated reinforcement learning ap-
proaches, Fed-UCBVI’s communication com-
plexity only marginally increases with the
number of agents.

1 INTRODUCTION

Federated reinforcement learning (FRL, Zhuo et al.,
2019; Qi et al., 2021) adapts the principles of feder-
ated learning (FL, McMahan et al., 2017) to the do-
main of reinforcement learning (RL, Sutton and Barto,
2018). It enables multiple agents, evolving in indepen-
dent environments, to learn a policy collaboratively
without directly exchanging their states/actions. To
learn together, agents communicate under the super-
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vision of a central server (CS), aiming to maximize the
expected rewards averaged across all agents. Conse-
quently, agents participating in FRL may learn better
policies with fewer interactions with the environment.
FRL appears to be a promising solution for reducing
the cost of training. However, the efficient implemen-
tation of FRL faces significant challenges. Similarly to
FL, agents typically evolve in different environments
and often have limited computational power and com-
munication bandwidth. Furthermore, the traditional
challenges of RL, such as balancing exploration and ex-
ploitation, remain. Thus, there is a growing demand
for methods tailored for FRL, aiming to reduce com-
munication complexity (i.e., the number of commu-
nications) while maintaining efficient exploration and
learning.

FRL has attracted considerable attention in recent
years, with a strong focus put on federated versions
of Q-Learning. This research often relies on one of
two following assumptions: either (1) all agents op-
erate in identical environments (Chen et al., 2023;
Zheng et al., 2024a,b), or (2) a generative model is
available, allowing access to sampling from any state-
action pair without exploration (Jin et al., 2022; Wang
et al., 2024). Another notable category of methods,
called distributed reinforcement learning (Bai et al.,
2019; Zhang et al., 2020), enables agents to address
RL problems collaboratively. However, these meth-
ods require centralizing observational data on a single
server, which may not be feasible in real applications.

Unfortunately, the aforementioned approaches do not
address the exploration-exploitation trade-off in het-
erogeneous environments. Furthermore, their high
communication complexity poses a major challenge for



Table 1: Comparison with related algorithms in the online setting

Type Algorithm Heterogeneity Communication complexity Regret
Concurrent UCBVI (Azar et al. 2017) X o) O(/H3|S[|A|T/M)
Model-based Byzan-UCBVI (Chen et al. 2023) X O(M - |S||AlH -1og(T)) O(VHASPAT/M)
Fed-UCBVI (our work) v O (|S||A|H -1og(T)) O(/H3|S||A[T/M)
Concurrent UCB-Advantage (Zhang et al. 2020) X o(T) O(/H?|S||AIT/M)
Model-free FedQ-Bernstein (Zheng et al. 2024a) X O(M - |S||A|H? - 1og(T)) O(/HAS[|AIT/M)
FedQ-Advantage (Zheng et al. 2024b) X O(M - |S||A|H?log(H) - 1og(T))  O(+/H?|S[|A[T/M)
Lower Bound (Jin et al. 2018; Domingues et al. 2021b) X ? O(/H?|S||AIT/M)

" The results are derived in a homogeneous setting. For all bounds, only the leading term with respect to the dependence on T is shown. H: number
of steps per episode; T": total episodes collected per agent; |S|: number of states; |.A|; number of actions; M: number of agents.

their use, even with homogeneous agents.

In this paper, we introduce the algorithm Fed-UCBVI
for tabular episodic FRL and we analyze its feder-
ated regret, i.e., the regret averaged across all agents,
in the presence of environmental heterogeneity. The
tabular FRL problem involves M agents, each inter-
acting with its own environment, modeled as a finite-
horizon Markov Decision Process (MDP). For an agent
i € [M], a finite-horizon MDP is defined by a tuple
M= (S, A, H,{P} }nem), {r} tre(m), where S is the
finite state space, A is the finite action space, H is
the number of steps in one episode (also referred to
as a planning horizon), P} (s'|s,a) denotes the prob-
ability of transitioning from a state s € S to the
next state s’ € S after taking action a € A at step
h for agent i, and r}b(s,a), is a bounded determinis-
tic reward function that satisfies r(s,a) € [0,1] for
all (s,a,h,i) € S x A x [H] x [M]. Note that both
the transition probabilities (kernel) and the reward
function can vary depending on the decision-making
step h € [H|. The learning process is divided into T
episodes, each of length H. Both the transition kernel
and the reward function are assumed to be unknown
to all agents and the central server (CS).

Fed-UCBVI is a model-based approach where each
agent independently estimates its local state-action
transition kernel. These local estimates are then used
to compute state-action value functions, which are ag-
gregated by a CS using an adaptive scheme that ac-
counts for each agent’s level of uncertainty. Commu-
nication complexity is managed through an adaptive
communication strategy triggered by the optimization
process’s progress and ensures efficient coordination.
Overall, our contributions are:

e We propose Fed-UCBVI, an FRL algorithm designed
to aggregate the local estimators of each agent.
We prove that the federated regret of Fed-UCBVI
scales as O(\/H3|S||A|T/M), up to a heterogeneity
term which scales proportionally to our heterogene-
ity measure. This shows that Fed-UCBVI achieves

a linear speedup and effectively accelerates train-
ing compared to single-agent RL. To our knowledge,
Fed-UCBVT is the first provably efficient algorithm for
regret minimization in heterogeneous environments.

e To analyze Fed-UCBVI, we introduce a new mea-
sure of heterogeneity that quantifies the divergence
of each agent’s state-transition kernel from a baseline
kernel, which may be of independent interest.

e We develop a novel method for reducing the com-
munication cost. We prove that the communica-
tion complexity of Fed-UCBVI is O(M loglogT +
logT'). This is a significant improvement over exist-
ing methods (e.g., Zheng et al., 2024a), that require
O(M logT) communication rounds.

o We validate our theoretical results through numer-
ical experiments on FRL problems, demonstrating
that our algorithm outperforms existing FRL base-
lines with theoretical guarantees. In particular, our
simulations show a significant improvement in regret
compared to Fed-Q-learning (Zheng et al., 2024a) for
different degrees of heterogeneity.

The paper is organized as follows: we review the re-
lated work in Section 2, and introduce the necessary
mathematical background in Section 3. In Section 4,
we introduce and analyze the Fed-UCBVI algorithm.
Then, we present numerical experiments in Section 5.

2 RELATED WORK

Reinforcement Learning. Two main approaches
have been proposed for regret minimization in the
single-agent, finite-horizon tabular setting: (i) model-
based algorithms (Azar et al., 2017; Dann et al., 2017;
Zanette and Brunskill, 2019; Zhang et al., 2024b),
and (ii) model-free algorithms (Jin et al., 2018; Zhang
et al., 2020; Li et al., 2021).

Both approaches offer algorithms that achieve the min-
imax optimal lower bound up to poly-logarithmic fac-
tors, specifically Q(\/H?3|S||A|T) (Jin et al., 2018;
Domingues et al., 2021b). Among these, UCBVI (Azar
et al., 2017), which is based on the principle of opti-



mism in the face of uncertainty, was the first algorithm
to achieve the minimax bound.

Federated Reinforcement Learning. The FRL
method most closely related to ours is the Byzantine
robust distributed UCBVI algorithm (Chen et al., 2023),
which assumes homogeneous agents. This algorithm
achieves a regression bound of O(\/H4|S|?|A|T/M)
and a communication complexity that scales logarith-
mically with the number of episodes T.

In contrast, our method achieves a regret of
O(/H3|S||A|T/M), which is optimal in single-agent
environments. Moreover, we also provide guarantees
in heterogeneous environments.

Other FRL approaches are based on model-free
methods. Zhang et al. (2020) proposed a feder-
ated variant of Q-learning, achieving a regret of
O(\/H3|S||A|T/M), with a communication complex-
ity linear in T'. Zheng et al. (2024a) later reduced the
communication cost to O(M logT'), but introduced an
additional factor of H in the regret bound. More re-
cently, Zheng et al. (2024b) improved both regret and
communication cost. However, their method still re-
quires homogeneous agents, and the communication
complexity remains O(M logT).

3 SETTING

3.1 Federated Reinforcement Learning

Policy and Value Functions. A deterministic pol-
icy 7 is a set of functions 7, : S — A where 7, (s) € A,
h € [H]. The value function V"™, is defined as:

Vi () = Bx [ Syt (Sinai)|sh =] . ()

where for all h < B’ < H, aj,, ~ 7;,(.|s},) and for all
h<h <H-1,s),, , ~P}(|s),aj},). Similarly, the
Q-function of a policy 7 for agent i at step h is

Q)" (s,a) :=E

H i (i i i i
- [Zh,:h (st ah)|sh =s,al =al ,
and satisfies the Bellman equations

QZW(Sv a) = rh(s a) + Py, Vh+1( a) ,
Vil (s) = Q7 (s, mn(s)) -

Additionally, the optimal Q-value satisfies the optimal
Bellman equations

(2)

QZ*(S’ a) =r}(s,a) + P};Vﬁfl (s,a), 3
Vi (s) = max Q)% (s,a) .

Learning Protocol. At the beginning of each
episode ¢ € [T], all agents select a common policy

7, which is computed based on the information ex-
changed prior to episode t. Subsequently, each agent
generates an independent trajectory of length H. At
each step h, an agent observes its state s;h € S and
takes an action aj , = 7 n(s} ) € A. The agent then
observes the next state si’ ny1 according to the transi-
tion probabilities P}L(\si b ai,h) and receives a deter-
ministic reward riyh = r}ll(sivh,a;h). After generating
these trajectories, agents may exchange information
through the central server.

Federated Regret. The performance of the learn-
ing algorithm is evaluated using the federated regret,
defined as

LSS i

1t=1

MHz

R(T) :=

7

This regret measures the cumulative difference, in ex-
pectation, between the average value of the optimal
collaborative policy and the policies used throughout
the training procedure.

Communication Complexity and Cost. The
communication complexity, denoted by €(T), is de-
fined as the number of episodes where communication
between the CS and the agents occurs. The commumni-
cation cost refer to the total number of bits exchanged
between the central server and the agents during the
learning process. The objective of the FRL algorithm
is to simultaneously minimize both the regret SR(T')
and the communication complexity €(7T).

3.2 Environmental Heterogeneity

The environments in which agents evolve may dif-
fer from one to another. However, since agents aim
to learn a shared policy, environmental heterogene-
ity must be small. To measure this, we introduce a
new notion of heterogeneity, decomposing each agent’s
state-action transition kernel into a common part,
shared by all agents, and an individual part that re-
flects unique environmental characteristics. Formally,
this is captured by the following assumption.

A-1. There exists a non-homogeneous transition ker-
nel {P§ }rheim), M individual non-homogeneous tran-
sition kernels {P;?d’i}he[H] for any i € [M], and a
constant €, € [0,1), such that for any i € [M] and
(s,a,s',h) €S x Ax S x [H],

Pi(s'|s,a) =

(1 - &p)PE(s']s, a) + &P (5']5,0) .

Likewise, we assume that agents receive comparable
rewards for a given state-action pair.



A-2. There exists a constant e, € [0,1) such that for
all (i,7) € [M], and for all h € [H] it holds that

Hrilz - I’,{Hoo <eér.

Note that A-1 implies the following bound on the
difference between the common transition kernel and
each agent’s transition kernel, measured in L;i-norm,

PG 0) = Pl a)i < 5 ()
We prove this inequality in Appendix F. Consequently,
(1) is slightly stronger than Equation (5), which is the
typical assumption in other FRL settings, such as Fed-
SARSA (Zhang et al., 2024a) or policy optimization
with access to a simulator (Jin et al., 2022; Wang et al.,
2024). The motivation for using A-1 over (5) lies in the
need to control how samples from be relate to samples
from Pj. This connection is crucial in RL without a
generative model, as the data generation process is not
independent and identically distributed, forcing agents
to exploit all the samples they have. In Section 4, we
discuss in detail the necessity of this assumption for
our analysis.

4 FED-UCBVI ALGORITHM

In this section, we present the Fed-UCBVI algorithm,
which extends the UCBVI algorithm proposed by Azar
et al. (2017) to the federated learning framework. The
process involves multiple communication rounds with
a CS. The number of episodes in each communication
round (or epoch) r is random, and each epoch is de-
composed into three phases:

(i) Data collection: During this phase, each agent in-
teracts with its environment using the policy ()
provided by the CS, gathering trajectory data.

(ii) Synchronization: Once any agent meets the syn-
chronization conditions, it sends a synchroniza-
tion signal to the central server, which then broad-
casts this information to all other agents.

(iii) Policy update: In this phase, all agents engage
in H sequential communications with the CS. At
each step h = H to 1, agents send their local esti-
mates of the Q-values and other related informa-
tion related to step h to the CS. In return, they
receive a global estimate of the V-values, along
with an updated policy and related information
for that step.

The following sections provide a detailed overview of
each of these stages.

Data Collection. At the beginning of round r, each
agent i € [M] follows the policy m(,y to collect new
trajectories. For £ € N, denote by nl(} o.n(s;a) and

nfT 0 n(8,a,s") the number of visits to a state-action

pair (s,a) and the number of transitions from (s, a) to
s’ at step h after ¢ episodes in the round r.

Synchronization. At the start of epoch r, all agents
receive the current global counters
N, = 0 6
(r),h(sya) = Zi:l n(r),h(57a)v ( )

where n’@ n(s,a) = nér,o),h(87 a) is the number of vis-

its of a state-action pair by agent ¢ prior to round r.
During epoch r, after ¢ episodes, agent ¢ sends a syn-
chronization signal if a newly visited state-action-step
triplet (s, a, h) is identified and one of two synchroniza-
tion conditions is met. These conditions depend on
whether the total number of visits N, (s, a) exceeds
a threshold v(0,T) = (5(5PTHM + M) (see Equa-
tion (57) in Appendix E for the full expression).

1) Local Doubling Condition. If N, p(s,a) < v(4,T),
an agent ¢ sends the synchronization signal if

n%r,é),h(s’a) > znér),h(s’a) . (7)

2) Globally FEstimated Doubling Condition. If
Npyn(s,a) > v(0,T), agent i sends the synchroniza-
tion signal if

N(ir,e),h(saa) > 2N@.n(s,a) (8)

where N(ﬁ”’z)’h(& a) is an estimate of le\il nér’e)yh(s, a)
based on the information available to agent 1.

Policy Update. Upon receiving the synchroniza-
tion signal, each agent computes its local estimates
of transition probabilities as

-~ L nz'r )1h(s,a,s')
Pl (8']s,a) = W 9)

if n{, 1) (s, @) >0, otherwise ﬁgrﬂ)’h(s’\s, a):=1/|S|.

Next, the agents and the central server exchange their
Q- and V-value estimates. For h = H,...,1, each
agent computes the local Q)-value estimate

Qér+1)7h(s,a) = [T+ P(iTH)?h\AJ(TH)’hH (s,a), (10)

using the global value estimate )}(r+1),h+1 previously
received from the CS; note that for h = H, this value
is set to zero and does not require communication.

Then, the CS collects the local Q-value estimates
from all agents, along with additional information
necessary to compute a Bernstein-like bonus function
br41),n(8,a) (see (39) in Appendix for an exact ex-
pression). The aggregated @)-value is computed as

Q(7-+1)7h(sa a)::min([l]ﬂ(‘;{+1)7h+b(7‘+l),h](sv CL),H) ) (11)



Algorithm 1: Fed-UCBVI

Initialization: ¢ =1;r = 1;7/(s,a) = 0; N(1) 4(s,a) = 0; néLO))h(s,a) = 0; Q(l)ﬁ(s,a) = 1}(1)}h(s) =H

for all (s,a,h,i) € S x A x [H] x
while ¢t < T do

for each agent i =1 to M in parallel do

while no synchronization signal do

for h=H to1 do

n%rve),h(s,a, s’)
Set N(ﬁn’e),h(s,a)

| Send synchronization signal

for h=H to1 do

for agent i =1 to M in parallel do
L Compute Q(r+l , using (10)

L broadcast them to all the clients
L Setr=r+1

Set I =1; nf,, ,(s,a) =1, ,(s,a); and ]\Af(io)’h(s,a)

[M]; 71y = {m(1),n}n for some policy 7(1y; and v(d,T') set as in (57).

= N(ry,n(s,a)

Collect (s, at s 1t ps t,p41)1<h<H USING T(r)

Set nér’e)’h(s,a) = @ér’eil),h(s,a) 4= LB s af:h) ‘for ('s, a) €S x A and

= nl(nz_l),h(s, a,s’) + 1(8@,8’)(‘91,}1’ a by St py1) for (s, a, s)eSXAXS
(e (8:0) = N(Zhg_l)’h(&a) + M1 0)(8t a1 )} for (s,a) €S x A

Set Ty (s ,atp,) =rip, and £ =L+ 1

if (N(T’)’h<si,h7ai,h) <v(6,T) and nfr,Z),h(Si,haai,h) > 2nér),h(5i,haa§,h))
or (N(,n),h(s;h,ai,h) >v(6,T) and N, 1, (s a4 ) > N(,n),h(sgh,ai,h)) then
Set t =t +¢; nérﬂ)’h(s, a) = nénz%h(s, a) and update the transition kernels using (9)

Set 1}(T+1)7H+1(s) =0 for all s € S and broadcast it to all the clients

Send ”(r+1) h’P(r+1) hV(T_H) hals P(r+1) ]A}(iﬂ)’hﬂ, and QZ('TH)’h to the central server

Compute N(yy1),4, Q(T+1)7h, V(r+1),h(8), and 7(,41),, using (6), (11), (13), and (14) and

M A
with 77y, (s,a) = 3052 lw(rﬂ)’h(s,a)QETH)’h(s,a),
and

e név-{»l),h(sva) (12)

7
Wiy n(8:a) = Ny n(5,a) *

Finally, the central server updates the value function
and policy according to the equations

(s) :=max Q, 1) ,(s,a) , (13)

V(T+1)’h acA

T(r41),n(8) 1= arg rrjtax Q(r+1) (s,a) . (14)
ac

These updated values are distributed to all agents, and
the process continues for all h = H,...,1. Once h =1
is reached, the new epoch r 4 1 begins.

Communication Complexity. Our algorithmic
design shares similarities with previous work on rein-
forcement learning with low switching cost (Bai et al.,
2019; Zhang et al., 2020; Qiao et al., 2022). In par-
ticular, the number of times the local data collection
policy changes—known as the switching cost—directly
corresponds to the number of communication rounds

in our framework, which we define as the communi-
cation complexity. In its simplest form, the doubling
condition in this context can be expressed as:

3(s,a,h) : Nep oy n(s,

a) > 2Ny (s, a),, (15)
M

where Nig)n(s,a) = 3221 nj, ) (s,a) represents

the cumulative count across agents.

However, this condition cannot be directly verified in a
federated learning setting, as the value of N, ¢y 5 (s, a)
is not accessible to any individual agent. One poten-
tial solution is to use a weaker local doubling condi-
tion, as defined in (7). However, this approach results
in communication complexity scaling linearly with the
number of agents M, which is impractical for large-
scale federated learning environments. Instead, we
propose to construct an estimate of the global counter
N(T ¢),n(8,@) to serve as a plug-in estimate on the left-
hand side of (15). This is the core idea behind the
condition in (8). While such estimates may be inaccu-
rate during the initial stages of training, they become
reliable once the number of visits exceeds a threshold



v(6,T) = O(epTHM + M), defined in (57). At that
point, N(T 0, n(8,a) can be effectively used as a plug-in
estimate. Usmg this approach, we establish a bound
on the communication complexity of Fed-UCBVI.

Lemma 4.1 (Communication Complexity). With
probability at least 1 — §, the number of communica-
tion rounds of Fed-UCBVI is bounded by

&(T) < O(|S||A|H log T + M|S||A|H loglog T
+ M|S||A|H log(1 + EPT)) ,

where logarithmic dependence in |S|,|A|, H, 1/§ and
M s ignored.

Sketch of the proof: To prove the result, we con-
sider a fixed triplet (s, a, h) and count how many syn-
chronizations this triplet can trigger. Let k;“l‘lnh repre-
sent the index of the last round where N, ;(s,a) <

v(0,T). To bound the number of synchronizations that
occur between the first round and round k%%, , note
that agents send an abort signal only when their local
visit count of (s,a) at time h has doubled. This can
happen at most log,(v(9,T)) times for an individual
agent, and for all agents combined, the total is upper
bounded by M log,(v(4,T)).

Next, we bound the number of synchronizations be-
tween round k;mnh and the final round. By applying a
Bernstein-type concentration inequality, we can show
that the synchronization rule (8) implies the equiv-
alent of (15), although with a coefficient of 8/7 in-
stead of 2 on the right-hand side. Using a similar ar-
gument as above, we obtain O(log(M)) synchroniza-
tions triggered by a single state-action-step triplet. We
complete the proof by summing these bounds over all
(s,a,h) and using the expression of v (4, T). O

A complete proof of Lemma 4.1 is provided in Ap-
pendix E. Importantly, we observe that, in the homo-
geneous setting, the linear dependence on M vanishes.
Moreover, we can estimate the communication cost,
i.e., the number of bits exchanged, by noting that in
each communication round, each agent transmits ob-
jects of size at most |S||.A|H.

Computational and Space Complexity. First,
we remark that, at all times, agents store objects of
size O(|S|?|A|H). At every episode, agents perform
O(1) operations, while they perform O(|S|?|.A|H) op-
erations at communication times. By Lemma 4.1, we
deduce that the computation complexity of this algo-
rithm is O(T+|S|3|A|? H? log T+M|S||A|H log log T+
M|S||A|H log(1 + €,T)) for all T episodes.

Regret Bound. We now state our main result, which
bounds the federated regret of Fed-UCBVI.

Theorem 4.1. With probability at least 1 — 6, the fol-
lowing bound on the regret of Fed-UCBVI holds

= O (VHSIATT/M + H*|SP|A))

+O(TH(He, +¢,)) .

We give a sketch of the proof below, and postpone the
detailed proof to Appendix D.

In the homogeneous setting, where e, = &, = 0, we re-
cover the expected linear speedup in number of agents
and achieve a minimax optimal regret bound up to
logarithmic factors (see Table 1 for comparisons). In
contrast, in the heterogeneous setting, an additional
term, that scales linearly with the degree of hetero-
geneity, emerges. We show in Lemma F.9 in Appendix
that this is expected, and comes from the fact that,
in some cases, a policy optimal for one agent is sub-
optimal by at least e, H? for another agent. This il-
lustrates the trade-off involved in cooperation between
heterogeneous agents: if the degree of heterogeneity is
too large, cooperation can become counterproductive.

Sketch of the proof: As a first step of the proof, we
reduce the problem of minimizing the federated regret
(4) to the problem of minimizing a common regret.
We introduce the common MDP M€ as follows

M= (S, AH{rf = 57 iy vidne (P IA) . (16)

where {P§};, is defined in A-1. We set V"™ and V™~
the value-function of a policy m and optimal value-
function in M€. The common regret is defined as

T M

=LV

t=1 1=1

VM (sia) - (A7)

Adapting the performance-difference lemma of Russo
(2019) under A-1, it may be shown that

T M

R(T) fmax—zzv

t=1 i=1

<RYT) + 2Tep H? + 2T¢, H .

— VI (s1.1)

As shown in Lemma F.9, the scaling O(T' (e, H*+&,H))
with H? is unavoidable.

The remainder of the proof involves three key steps,
outlined below. The first step focuses on estimating
the common transition kernel and introduces the pri-
mary technical innovations of this work. It also pro-
vides justification of A-2.

Step 1: Estimation of the common transition
kernel. First, we prove that the weighted average
kernel,

~ v . .
P(7-),h(8/|57 a) = Zi:l (,AJ(T),h(S7 a) . P(,.)7h(8'|5,a) 7



where weights are defined in (12), forms a well-defined
(biased) estimator of the common transition kernel P§
using data from all agents. Importantly, neither the
agents nor the CS have direct access to this quantity.

The analysis of P( iy under A-2 poses significant chal-
lenges compared to both the generative model setting
and the case involving homogeneous agents. To illus-
trate, the kernel can be reformulated as follows, incor-
porating all samples from the agents:

N IV
P(T)’h(s’|s,a) = 7N(T);(S’G) iy nb),h(s,a,s') .

In the homogeneous scenario, where ¢, = 0, as ex-
plored in prior work (Zheng et al., 2024a,b), the esti-
mate is derived from an i.i.d. sequence of categorical
random variable samples from Pf(:|s,a), simplifying
the analysis. Moreover, within the generative model
framework, such as in (Jin et al., 2022; Wang et al.,
2024), we can ensure an equal sample count from each
agent’s transition kernel P}, resulting in P( )h 88 a
simple mean of independent biased estimates of the
common kernel.

However, in our setting, the estimator ﬁ(r)_’h incorpo-
rates a random and non-stationary number of samples
from each agent, making standard techniques of condi-
tioning on a total sample size N(;) »(s,a) inapplicable.
Using union-bound arguments to account for the vari-
ability in sample sizes across agents {n n(8,a) bicim
results in an exponential number of conﬁguratlons
with respect to M, constraining any possibility of lin-
ear speed-up.

Using A-2, every kernel Pj is a mixture of P§ and
P;:d’z. The samples obtained by agent i as a mixture
of samples coming from the two latter kernels: sam-
ple Si,h is with probability 1 — e, generated from Py,
and with probability e, from P;L" 41 We define a vir-
tual estimate of the common kernel, P@,) 5, for each
communication round r, representing the estimate we
would have obtained if all samples were drawn solely
from Pj. This estimate is subject to a bias resulting
from the heterogeneity.

| =Py Clssa)]| =0 + %), 19)
where N = N,y »(s,a), that holds for any (r,s,a,h) €
[ET)] xS xAxS.

Step 2: Optimism. In our setting, our estimates
are not optimistic due to the presence of heterogene-
ity; however, we can show the analog of the required
properties Vi) n(s) > Vi*(s) — (2er + 3ep,H)(H +
1—h)), for any r and (s,h) € S x [H]. The key in-
gredients are concentration inequalities, an inequality
(18) and Lemma 14 of (Zhang et al., 2021); see also

Lemma D.1 in Appendix. The proof is carried out by
induction on h. Applying the update rule (20), com-
bined with a simple rearranging of the terms, yields

(ﬁ(cr), Ph)vh—o—l (s, a)

(IV): concentration error

rp(s, CL
M Z "
(I): reward heterogeneity error

+ P(r),h(f)(r),hﬂ(& a) =Vl (s,a))

(II): correction error
+ (P(T‘),h - PZ:’I'),’L)V;;L:].(S7 CL)

(III): transition heterogeneity error

Qi nls,a) > Q" (s,a) +

—|—Zw(r)h s,a)ri(s,a)

=1

—|—b(r))h(s,a) .

Terms (II) and (IV), which represent the correc-
tion and the concentration errors, are standard and
are controlled using respectively induction hypothe-
sis, Lemma D.1 and standard deviation inequalities.
We control (I) by applying A-2 and noticing that the
convex combination of 7/ (s, a) is also a convex combi-
nation of the true rewards ri (s, a). Finally, to control
(IIT) we combine Holder’s inequality and inequality
(18). An appropriate choice of the exploration bonus
concludes the statement.

Step 3: Bounding the regret. For each quantity
indexed by the number of communication rounds r
(e.g. fi(rm), we introduce a corresponding quantity
indexed by the episode number t (e.g. Vi), defined
as the value of the former at the last communication
round before ¢ (see (27) in Appendix for formal defi-
nitions). Next, following the approach of Azar et al.
(2017), we define &7 ), = Vin(si,) — V5 (s} ,) and
analyze this term 1ndependently

Ptc,h]vthﬁq(si,hv a%,h) +Cti,h

(A): heterogeneity error

Otn <0t pyr + [Pen

+ [Atc,h — P} vt7h+1 -V (Si,h»ai,h) +2¢,

(B): correction error

+[Pfn — P;:L]V}(L:i:l(slti,h’ ai,h) ‘*‘bt,h(si,h’ ai,h)

(C): concentration error
c i1 [y c,m¢ i %
+ [P, — P3] [Vt,h+1 - Vh+1] (8t.hs 0t 1) 5

(D): heterogeneity error

where ¢}, is a martingale term defined in (54). The
analysis of (C) and g) , 1s standard in the literature.
To bound (A) we employ a combination of (18) and
Holder’s inequality. The bound on (D) also combines
Holder’s inequality and Lemma F.1. The standard re-
cursion argument concludes the proof. O
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Figure 1: Common regret (lower is better) for M =
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Figure 2: Common regret (lower is better), at T =
3-10* for GridWorld, and T = 3 - 103 for synthetic
as a function of M for different ¢, in a log-log scale:
crosses represent Fed-UCBVI, and circles represent
FedQ-Bernstein.

5 EXPERIMENTS

In this section, we study the empirical performance ! of
Fed-UCBVI, and compare it with the FedQ-Bernstein
algorithm (Zheng et al., 2024a) on two environments.

Environments. We consider two environments
specifically designed to satisfy A-1 and A-2. In both
environments, transitions are defined using two dis-
tinct kernels: with probability 1 —¢€,, the agent follow
the global kernel, and with probability ¢, it follows an
individualized kernel. The first environment is based
on GridWorld (Domingues et al., 2021a), where the
agent navigates a grid to reach a target. Upon reach-
ing the target, the agent receives a reward of +1; oth-
erwise, the reward is 0. At each step, the agent selects
one of four possible directions (up, down, left, or right).
Under the global transition kernel, the agent moves to
the intended square with a probability of 0.8, and to a
random neighboring square with the remaining proba-
bility. In the individual transition kernels, the agent’s
movement to neighboring squares follows a probability
distribution unique to each agent. We use a 3 x 3 grid
with a wall located at coordinate (1,1), resulting in
|S] = 8 possible states. The planning horizon is set to
H = 10, with the agent starting at coordinate (0,0)

'Our code is available online on GitHub: https://
github.com/Labbi-Safwan/Fed-UCBVI

and aiming to reach the target at (2,2).

The second environment is a synthetic setting, mod-
eled after Zheng et al. (2024a), with |S| = 5, |A| = 5,
and H = 5. All agents share the same reward function
r,(s,a), with rewards drawn uniformly from [0, 1] for
each (s,a,h) € S x A x [H]. For each s, a, h, the com-
mon and individual transition kernels are drawn uni-
formly at random from the |S|-dimensional simplex.

In all results, we report the common regret instead of
the federated regret to simplify computations. Exper-
iments were conducted on a computer with an Intel
Xeon 6534 and 196GB RAM. We report the average
over 5 runs and the standard deviation in all the plots.
The code is provided in the supplementary material.

Impact of Heterogeneity. In Figure 1, we present
the regret of Fed-UCBVI for various values of &,.
Fed-UCBVI’s regret is significantly lower than that of
FedQ-Bernstein, reflecting similar performance gaps
as observed in the single-agent setting. Moreover, as
predicted by our theoretical analysis, increasing ep
only incurs a slight increase in Fed-UCBVI’s regret, due
to the additional term scaling linearly with T

Fed-UCBVI has linear speed-up. In Figure 2, we
evaluate the regret after T iterations of training with
varying numbers of agents M across different levels of
heterogeneity. As shown in Theorem 4.1, the regret
decreases as M increases. Notably, this trend persists
even in high-heterogeneity settings, highlighting the
robust empirical performance of our approach.

Fed-UCBVI’s communication complexity is small.
In Figure 3, we observe that the communication com-
plexity of Fed-UCBVI is significantly lower than the
number of iterations 7" and increases only marginally
with the number of agents M. This aligns with the
results of Lemma 4.1. In contrast, FedQ-Bernstein
exhibits consistently high communication complex-
ity. The reduced communication in Fed-UCBVI results
from our novel method for triggering communication
rounds based on local estimates of global counters, val-
idating the effectiveness of this approach.

6 CONCLUSION

In this paper, we presented Fed-UCBVI, a federated
reinforcement learning method based on a new aggre-
gation strategy that reduces communication cost and
handles heterogeneous agents. We introduced a novel
measure of heterogeneity, under which we provide a
formal analysis of Fed-UCBVI’s regret, showing that it
nearly matches minimax optimal regret bounds. To
our knowledge, this is the first federated regret anal-
ysis with guarantees in heterogeneous environments.
Furthermore, our method provably removes the lin-
ear dependence of the communication complexity on
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MlogT. A promising direction for future work is to
reduce the communication cost further, by developing
new methods that correct for heterogeneity.
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Supplementary Materials

A NOTATION

For clarity, we summarize here the notations that we use

Symbols Meaning Definition
e(T) Number of communication rounds performed in average Section 3
R(T) Federated regret of the algorithm Equation (4)

S State space Section 3

A Action space Section 3

M Number of agents Section 3

T Total number of collected episodes per agent Section 3

H Length of an episode Section 3
Riax Maximum number of communication rounds Equation (58)

Pl Transition kernel at step h of agent 4 Section 3

Py Common transition kernel at step h A-1
Py di Individual transition kernel at step h A-1

€p Degree of heterogeneity on the transition kernels A-1

Er Degree of heterogeneity on the rewards A-2

r Reward at step h of agent i Section 3

rh Reward function of the common MDP Equation (16)
Q" Q-function of a policy 7 at step h of agent i Equation (2)
1z Value function of a policy 7 at step h in the i-th MDP Equation (2)
QZ’* Optimal Q-function at step h of agent ¢ in the i-th environment Equation (3)
vy Optimal value function at step h of agent ¢ in the i-th environment Equation (3)

v(6,T) Threshold for defining the condition on initiating the aggregation signal —Equation (57)
P(lr) A Estimated transition kernel during the round r by agent ¢ at step h Equation (9)
ﬁ(i)ﬁ Virtual estimate of common transition kernel by agent ¢ at step h Equation (24)

T, Estimated reward at step h of agent i Fed-UCBVI

n('r 0.h Local counter of the cumulative number of visits at the level of agent ¢ Fed-UCBVI

Neyon Global counter of the cumulative number of visits over all the agents Equation (6)

N(iT 0.h Local estimator of agent ¢ of the true cumulative number of visits Fed-UCBVI

b(ry,h Bonus function used in round r and step H Equation (39)
QA’(T)_’h(s, a) Estimator of the Q-function at the level of agent 4 Equation (10)

) Py Weighted average of {Pzr),h}i during the round r at step h Equation (24)
Qi w(s,a) Global estimator of the Q-function Equation (11)
Viry,n(8) Global estimator of the value function Equation (13)
Varﬁ( ) (f)(s,a) Variance of a function f with respect to P, n(c]s,a) Equation (19)
Varg, (f)(s,a) Variance of a function f with respect to /P\(CT) n(c]s,a) Equation (19)

(r),h

Table 2: Summary of the notations.



Let (X, X) be a measurable space. For any probability measures P and Q on (X, X), and for any f: X — R we
define

Pf:=Esplf(s)], Varpf:=Esp[(f(s)—Pf)?]. (19)
For any probability measures P and Q on (X, X), the Kullback-Leibler divergence KL(P||Q) is given by

(o) - (i1 e

400, otherwise .

Let A be an element of the o-algebra X'. We define the indicator function of A as
14(): X —{0,1}

1 ifzeAd,
T —
0, otherwise .

We define the indicator function of an element z € X as
Lp(): X —{0,1}

1 ifx=y,
Yy ” .
0, otherwise .

We write f(|S|,|Al, H,T,M) = O(g(|S|, |Al|, H,T, M, d)) if there exists Sp, Ao, Ho,Tp,d0 and a constant C
such that for any |S| > So,|A| > Aog,H > Hy,T > Ty, and § < 0p, we have f(|S|,|A|,H,T,M) <
C - g(|S|,|Al, H,T, M,5). We say that f(|S|,|A|, H,T,M) = O(g(|S|, |Al|, H, T, M,s)) if in the previous bound
C is a poly-logarihmic function with respect to the variables |S|, |A|, H,T, M, 4.

For a € N, define [a] as the set of all natural numbers from 1 to a:
[a] ={keN|1<Ek<a}.

Additionally, for (a,b) € N x N, where N = N U {400}, such that a < b, define the set [a,b] as the set of all
natural numbers between a and b, inclusive:

[a,0] :={k e N|a <k <b}.

B PSEUDO CODE

For clarity of exposition, we provide the complete pseudo-code of the server-side and client-side algorithms in
Algorithm 2 and Algorithm 3.

C CONCENTRATION EVENTS
Before we proceed, let us define several essential quantities.

Change of epoch notation We notice that the set of all regular episodes ¢ € [T is separated into a sequence
of different random epochs E;,Es,.... To define them properly, let us define the epoch-changing timestamps as
follows

Ty :=0, T,41:=min{t > T, | Sync,(t) = True}. (20)

where the epoch-switching predicate is defined as

Fi € [M]:nf, g, (SEpatp) = 200, 4 (830 apg) 1 Neyn(sy e ap ) <v(6,T)

. 7 i i i i i : i ’ (21)
Ji € [M] : N(r,[),h(st,h’at,h) > 2N(T’)7h(st,h7a’t,h) if N(T)»h(st,mat,h) >v(6,T)

Sync, (t) = {

for ¢ =t —T,—1 and v(§,T) is defined in (57). In particular, this condition exactly corresponds to the
synchronization condition used by Fed-UCBVI. Then, the epoch E, is defined as E, := [T, + 1;T,41]. In
particular, for any ¢ € [T], we define 7 as a unique index r such that ¢t € E,:

ry =min{r > 1|¢t>T,}. (22)



Algorithm 2: Fed-UCBVI (Central Server)

Initialize: t =1, r =1, Ny n(s,a) =0, Q(l)ﬁ(s,a) = 9(1)’;1(3) = H for all (s,a,h) € S x A x [H],
T(1) = {7(1),n f1<h<m an arbitrary deterministic policy

while ¢t < T do

Broadcast T(r)y = {W(r),h}lghSHa {N(r),h}lgthy r, and t to all clients;

Wait until receiving the synchronization signal and an updated episode number ¢ and forward the
abortion signal to all clients;

Set V(T+1)7H+1(s) =0 for all s € S and send it to all clients;

for h=H to 1do

Receive {Qf, 1) }ir {n(o 1y ntirdPlrin) nVirt1),h41(5:@) 504, and {P(’T+1)}hv(i+1)’h+l(s, a)}s.ai
from the different clients;

for (s,a) e S x Ado

Compute N = Ny a(s,a) = S 1,1 (5,0
Set n' = nz('rﬂ)’h(&a) for i € [M];

M
Set V := Varp( (V(r) hi1)(s,a) Z ‘ r+1) h+1(3 a)
i=1

M 2
1 .y .
NE ”ZPZT+1),hV(r+1),h+1(S,a))
=1

283* (8)H+115°(5,N) \/W S
Compute b,y 4 (s,a) = { N + ~ 'V, N=>2,

H N<1;

7N

)

. M n' A .
min (Zi:l WQ(TH)JL(S’ a) + beyy,n(s,a), H) if N>0,
H otherwise;

Set QA(Hl)’h(s,a) = {

for s € S do
Compute V1), (s) = maxaea Oy, 1) (5, a);

Compute m(,41),5(s) = argmax,c 4 Q4 1) (8, a);

| Broadcast f}(r“)’h to all clients;
| Setr=r-+1;
Send a signal to inform the clients of the end of training.

Definitions First of all, let us recall that by A-1 the transition kernel Pi for the agent ¢ is a mixture of common
kernel Py, and individual kernel P'"d , thus any sample s} ;| ~ P} (st h,at p) for (t,h,i) € [T] x [H] x [M] can
be represented via the following experlment

i S ~ PR(siaai ) &n=0, 93
Sthil =\ gndi  pindiogi o {1 (23)
Sengt ™~ Pro (Spnoain)s Sp=1,

where &, ~ Ber(gp) is a choice of component of the mixture. Using this representation, we can define a virtual
estimate of the common kernel for a step t as follows

1(S,a,5’)(5i,h7afk,h73;32+1) ) (24)

ﬁ(iﬂ)yh(s'\s, a) =

where T,. is defined in (20). We emphasize that Is(cr)_ ,, is mever computed explicitly by the algorithm since the
values of 52 ,, are never observed, however we are very interested in the analysis of it.



Algorithm 3: Fed-UCBVI (i-th Client Side)

Initialize: nl(vl)o)ﬁh(s,a) =0, T (s,a) =0, néLO))h(s,a,s’) =0 for all (s,a,s’,h) € S x A xS x [H|;

Compute v(6,T) = 14e, THM + 182M (6, T);

while signal of end of training not received do

Receive {7m(,).n}1<n<m, (N(r).n)1<h<m, 7, and t from the central server;
Set ¢ = 1;

Set N (r0),n(8:@) = ]\‘/'(T)Vh(s,a) for all (s,a,h) € S x Ax [HJ;

Set n(r 0),1(8:a) = n(,y 4, (s, a) for all (s,a,8',h) €S x Ax S x [H;

while no synchronization signal from central server and t < T do
synchronize = False;

while synchronize = False do _

Collect a new trajectory (si’h, ai_’h, ri,h)lgth using the policy 7(,y;
for h =1 to H do _

Set ?hz(sfthvai ) = rzlt R ‘ ‘

Set n(,. o) 5 (s,a) = n(M 0.0 (8:0) + 1(5,a) (8¢ 1 a4 ) for (s,0) € S x A

| synchronize = True;

| synchronize = True;

Set f=F+1andt=t+1;

| Send an abortion signal and an episode number ¢ to the central server;

Set nér+1)7h(s7a) = nfr,z)yh.(s?a) and nz
N nt1).n(8,:87) & i sa)>0
Set P(ir+1),h(51|87a) = 1nzr+1),h(5’a) ’ (T+1)vh( ,a)
Sl else;
for h=H to 1do

Receive V(.4 1),n+1 from the central server;

central server.

(M)h(s a, s)fn(M .08, a, s)+1(m8/)(sth,ath,sth+l) for (s,a,8') €S x AXxS;
Set N(rvé),h('s,a)‘f N(M_l),h(s,a) +‘M1(s7a‘)(st’h,at,h) for (s,a) € S X A;
if Ny w(spprapn) <v(0,T) and ni, 4, (sy a5 ,) 2 20, ,(S) 5 a7 p,) then

else if N, (s}, ai,) > v(6,T) and ]\Af("r’l)ﬁ(si?h,ai’h) > 2Ny (s} 1, af ;) then

iy (8:a,8") =0l (s,a,8") for all (s,a,8") € S x A x S;

Compute Qf7-+1),h(5a a) =T, (s,a) + ﬁ(iv-+1),h)>(r+l)7h+1(5’ a) for all (s,a,s') € S x Ax S;

Send Qér+1),h7 nér+1),h7{Pgr+1),hl>(7"+1)vh+1(S’a)}5~,¢17 and {Pér+1),h]>(i+l),h+l(87a)}sﬂ to the

Additionally, let us define the weighted average kernel

Z

N 1
) 7") h S, a ’ N(T)JL(S,G,,S)
P s,a) E s,a) = —2—— "~
(r), h | gt (r) h( | ) N(’I‘)7h(87 Cl)

where N ,(s,a) = qul n( ),n (8 @) was defined in (6), and Is(iT),h was defined in (9) as
nf,,),h(s,a,s/)

Plya(s]s,a) = M)
\?ll else

if nér)7h(s,a) >0 .

(26)

Notably, the kernel P( )b is never revealed to any agent or to a central server, but it is very useful in the analysis.
Also, for any time t we define r; as an index of the previous epoch. For convenience and ease of reading, we

introduce the transition kernels and counters in the regular timescale

Pin=Plhons Pon=Puyn nin=nln, and Nj, =N,

(27)



where r; is defined in (22).

Let XL, g, 8Var: (0,1) x N = R, and 8%, 3, ™¢: (0,1) — R, be some functions defined later on in Lemma
C.1, and Ryax be the maximal number of communications defined (58). We define the following favorable events

EXL(§) = {Vr e N,Vh € [H],V(s,a) e Sx A: KL (ﬁ(cr)ﬁ(s,a)‘

Pﬁ(s,a)) <

‘S|/8KL(67 N('r),h(sv a))
N(py.n(s,a) ’

~ ~ 9 116(:(6’ N(r) h(sva))
C = : —P¢, <3 :
£ ((5) {V’F € [Rmax],Vh S [H],V(s,a) €ESxA HP(T),h(&a) (T)xh(s’a)Hl - 8€p + N(r),h(saa) ’

£5(0) 1= {Vr € [Rual, Vh € [H],V(s,0) € S x A: |Gy, = PRIV (5,0)|

2Varg,  (Vy1)(s,a)B*(0) 78*(5)
< 1p,. (r),h .
> 1[[2,+oo]] (N(r),h(’s, a)) (\J N(r),h(sa a) 1 + N(r),h(sa a) — 1> + H]-[[O,Q]] (N(r),h(sv CL))} ;
(t,H,M) .
EVar(§) .= vt e [T]: > Varp: (V1) (81,5 a3 1) < \/2H5Mtﬁvar(5, t) + 3H?BY¥(5,t) + H>Mt p |
(#'>1,h>1,i>1)

geomnt(§) .= {Vt € [T),Vh € [H],Y(s,a) € S x A, Vi € [M]: |NM(s,a) — N (s,a)]

2~
< ?Ntfh(s,a) +2e, THM + 26M (4, T)} ,
(T,H,M)
£(6) = {vh el Y et (Phe Ve = VT (b ab i) = [P = Vi | (st
(t>1,h'>h,i>1)

H—h
< \/862H2 -THM - 3(8), ~n:= <1 + }11> , and

(T,H,M)

Z (P;L {vt,h'ﬂ - V}i;iﬂ (8% > @ ) — [f}t,h'-i-l - fo;iti] (Si,h'-i-l)) < \/8H?-THM - 5(5)} .
(t>1,h > h,i>1)

We also introduce the intersection of these events, G(8) := EXL(§) N ES(5) N E*(8) N EVA(S) N E°U(§) N E(6).
We prove that for the right choice of the functions BXL, 3¢ B8*, V¥ and f the above events hold with high
probability.

Lemma C.1. For any § € (0,1) and for the following choices of functions 3,

BEL(8,n) := log(6|S||A|H/) + log (e(1 + n)) , B°(6,n) :=log(6|S||A|H/J) + log (6e(2n + 1)) ,
B*(8) = log(12|S||.A|H/9), BV (5,t) := log (24e(2Mt +1)/5) ,
B(0) :=log(48H/9) .

it holds that

PEXL(5)] >1-6/6, PE(H)]>1-46/6, PE*B)]>1-6/6, PEV¥()]>1-6/6,
PlEC™™(8)] > 1-6/6,  PE(S)]>1-5/6.

In particular, P[G(§)] > 1—6.

Proof. First, let us define an appropriate filtration for martingale and optional skipping-based arguments. A
natural federated online filtration is defined as

Fin=0 ({si’,h/ai’,h’}(t/,h’,i’)j(t,h,i)) ; (28)



where the order over triplets (¢, h', ') is lexicographic. With respect to this filtration, for any fixed state-action-
step triplet (s,a,h) € S x A x [H] we define the partial global counters that form a sequence of excursion times
on an extended time (¢,7) € N x [M] and a first extended timestamp to reach a particular partial counter value
jeT M

Ntfh(sa a) = Z 1(s,a)(si,hvai,h)v (ts,a,h,]a ZS#IJL,J) = mm{(t Z) € Nx [ ] | Ntfh(sa a) = ]} . (29)
(t,3)2(t,1)
For a given time ¢, we also define ¢, := T,, representing the number of episodes visited before r;. In particular,

we have N, »(s,a) = NT]‘f’h(& a).

Event £XL(§)  To analyze it, we need first to represent the virtual estimate of the common transition kernel as
follows

T, M
PE:T‘),h(SI|S,a/) N(’l‘)h S, a ;;1(€ a) st h,at h) (St h+1)
1 N(ry,n(s,a) .
TN (sa) Ly (sSroemd . .
Niyn(s,a) ; (Sts‘a)hyj,hﬂ) (30)

By the optional bkipping argument (see, e.g., Doob, 1953, Chapter III, p. 145), the sampled states
{85 antielran = {s}’ g " 1 }ierm), conditioned on the value of Ny (s, a), form an iid. sequence of

categorical random variables from the distribution Pf (s, a). Thus, we have for any fixed (s,a,h) € S x A x [H]
by Lemma F.4

P [Elr > 1:KL (P (. 0) [P (s.0)) < PEOSIAITD) 1S og e (””))} <0

Nepy,n(s,a) ~ 6[S||A[H

By a union bound argument and noticing that log(6|S||A|H/J) + |S|log (e(1 + n)) < |S|BKE(8,n), we conclude
the first statement.

Event £°(§) By a union bound argument, it is enough to show that each of the following events

—c ~ ~ 9 118°(8, Niyy,n (s, a))
E (0,8,a,h) =< 3Ir € [Rmax :HPT ‘|s,a) — P¢, ~s,aH > ¢ ’
() = {3 € (] [ ) =B ()] > Gy T

holds with probability less or equal than ¢’ := 6/(6|S||.A|H) for any (s,a,h) € S x A x [H]. To do it, let us
analyze the difference between kernels. By the definitions (24)-(25):

i i C,i
E E (1(sas’) St haat haSt ) — 1(87075’)(5t7h7at,h’St,h)) .

=1 t=1

3 — pe¢ s'ls,a
[ (r),h (T),h]( ‘ ) N(r) W (s, a
Next, we notice that, using representation (23), we can rewrite the first indicator as follows

1(8,11,8’)(5?&,}17 az,hv Si,h) =(1- Sé,h) : 1(8,11,8’)(5?&,}17 az,hv 52,;) + fz,hl(Sﬂ,S’)(St hvat h» Slsnhz) )

thus, we have the following expression for the difference between kernels

M T,

[P(r),h - P(Cr),h,](s/|s3 a) = N( (s, a) Z th nl(s,a) St ho at K (1 (Sign:l) - 15/(827’2)) )

i=1 t=1

and thus, using |1, (s't"zl) -1y (s;;)\ < 1 and Definition (29), we obtain

N 1 T. M 1 N('r),h(sva) .
P _ pc ’ H < D L (si s al,) = isah 31
H[ (r),h (7),h](8 a) 1= Neya(s,0) ;;@,h (s,0)(St.n at,h) Neyn(s,) ; ftS,a,h,J (31)
Again, by the optional skipping argument, conditioned on the event N ,(s,a) = N the sequence

{€.a g tie[rm) = {{tg vt Yierra is id.d., thus Corollary F.1 implies

N
—c ~ 9
P[E (6,8,a,h)] <P [IN >1: E Esiarhy > gng + 11log

j=1

(24|8||A|He(2N+1)) 0
5 = 6IS[JA[H



Event £*(§) To analyze this event, we use the representation of the kernel (30) and optional skipping argument
conditioned on Ny r(s,a) = N where N > 2

N
= 1
[P(Cr),h Ph}v}i-:l s, a) NZ h+1 85.ahj) fbvﬁfl(s’a)-
Thus, we have a sum of centered i.i.d. random variables, and thus we can apply Lemma F.7

R 2Varpp (Vh+1)(8 a)ﬁ (5) ﬁ
P [PGy.n — PRIV (s, a)‘ = N—1 N

<0
= 6[S[[A[HT

(%)

1 Ny n(s,a) = N

where *(8) = log(12|S||A|H/S). We then conclude by a union bound over (s,a,h,N) € S x A x [H] x
{2,...,MT}. If Ny p(s,a) <1, we have the trivial bound ’[ﬁ( )k —PplVer (s ,a)’ <H.

Event £V#*(§) For any t' € [T}, define
h = ZVarpl ;I‘l' ) (st prabr ) — oV (sti)

where JVf’W" is defined in (59). This sequence forms a martingale-difference sequence with respect to the
following filtration

Fi=o ({Si’,ha%',h}(t’,i’)j(t,i),he[H]) :

where the order over the pairs (¢/,4') is lexicographic. Applying Theorem F.1 yields

(t,M) (t,M)
, ; 5
P 3t>1, Y Xi< |20 > Ef[(X[)? | Frellog (24e(2Mt + 1)/8) + 3H? log (24e(2Mt + 1) /5) <5
(W=1,i>1) (#'>1,i>1) ’

as we have |X/,| < H? and where (t],0,,iprev) is a previous element in a lexicographic order with respect to
(t',4). Now, we bound the conditional second-order moment of X}, as follows

prev

2
B, (X0 | F] < (zvﬂw Vi) ()) 7| < B,

H
> Varp: (VT (st aé,yh)] .

h=1

By Lemma F.3, we have

Z 7T/ 7 1
ﬂt, E VarPL Vh+t1 (St',h’ at/7h)

H 2 H 2
_E,, (Zr:;(s;;,a;;) vW<'>) <E,, (Zr;;(sz,am) <

h=1

By combining the previous inequalities, we obtain

(t,M)
> Xi < /2H5Mtlog (24e(2Mt + 1)/5) + 3H? log (24e(2Mt + 1) /)

(t'>1,i>1)

Now using Lemma F.3 again we get

M) H (t,M)
Z ZVarpq ;l_t‘l' (sin aip) = Z Xi + V™ (sir1)
(t'>1,i>1) h (t'>1,i>1)

< /2H5Mtlog (24e(2Mt + 1)/8) + 3H? log (24e(2Mt +1)/8) + H> Mt .



Event £ (§) For any fixed (s,a,h,i,t1) € S x A x [H] x [M] x [T], we have by Corollary F.1

ta
P[Eltg eN: Z 1(5@)(31,,,1, a§/7h) — d;’ﬂ“ (s,a)
t'=ty
1 & b
dl ﬂt/ 118°(o,¢ t 1 P T e ——
252 (s,0) + 110, b2 = 2 + )}_G\SHA\MTH

t'=ty

holds with probability less or equal than §’ := §/(6|S||A|MTH). Thus, by a union bound argument, the following
event

gdev(é) = {V(tl,tg) € [T)?,Vh € [H],¥(s,a) € S x A,Vi € | Z Ls,a) (st prafr ) — d;’ﬂ“(s,a)

t'=ty

Zd”" a) + 115°(6, t2t1+1)}

8= t
holds with probability less or equal to /6. Now, to conclude the proof, it is enough to show £t (5) C £ 9¢v(§).
Let’s recall the definition of the estimated counter by agent ¢
A . t . .
Ntfh(&a) = Nipyyn(s,a) + M Z L(s,a) (St psQyrpy) -
t'=1

Using (29), the definition of Ntfh(s, a), and the triangular inequality, we have for any fixed (s,a) € S x A,

t
|Nt%(sva) - Ntl,h(sva” = Z Z 1(3,11) (Sg/ﬁvai/,h) - 1(s,a)(si’,h7azl£’,h)
J#L =ty
t . .
< Z Z Lis,a) (80 pralr ) — dfbﬂ*' (s,a) Z Z dj (s, a) dl (s, a)
J#L =ty JjFLt=

(1) (2)

t
M —1) Z dy" (s,a) — Lis,a) (84 py @y 1)
t'=1)

(3)

Term (2): Heterogeneity error Using Lemma F.2 combined with the triangular inequality, it holds that

= Z A (s,a) — di™ (s,a)| < ep HMT .

JAL =1

Terms (1) and (3): concentration error On the event £ 9¢V(§), we can bound (1) as follows

<Z Z ‘lsa st,h,at, ) — di’wt/(s,a)

jAit=
1 )
< Zg Z A (s,a) + 11IMB(5,T)
JEL V=i,
1 Jﬂ't’ BTy c M lﬁt’
gz Zd (s,a) — dy (sa)+11Mﬂ(6T+§Zd Ja) .

J#L |t =1y =t
(2)




Now using the latter bound on (2) combined with the inequality %Zﬁ,:% d;’ﬂf/(s,a) — 116°(6,T) <
ZE,:% l(s_ya)(six,”ai,?h) that follows from £9¢V(§), we get

1 88 M 1 ..
1) < gapHMT—F 7B°(5 T) + 7Ntfh(8,a) .

We proceed similarly to bound (3)
(3) = (M - 1) Z dizlﬂrt,(sa Cl) - l(s,a)(si’,hvaé’,h)

t
M ]771/ C
§§Z (s,a) +11MB(8,T) <

N n(s,a) + wﬁc(é T).

\HH

Finally combining the bounds on (1), (2) and (3) yields the desired result.
Event £(5) Notice that the two following sequences

H—h
1 i |y t 7 7 Y Tt 7
t h = <1 + H> (Ph [Vt,thl - Vh’+1] (St,hvat,h) - [Vt,thl - V}E;H} (st,h+1)) )
Vi = Ph [Venss = VG| (shsabn) = [V = Vi | (st ) -

forms a martingale-difference sequence with respect to filtration }'Z) ,, defined in (28). Thus, applying Azuma-
Hoeffding inequality with a union bound over h and over the two events allows us to conclude the statement. [

Lemma C.2. Conditioned on EXV(8), for any function f : S w [0,H],h € [H],(s,a) € S x A, and any
7 € [Rmax], we have

2H2|S|BKL((5, N(r),h(s, a))
Ny.n(s;a) 7

1Be,n — Pl < \/ 23T (6, Ny(5,0))

(Pl — PE)F(5,0) < P5f(s5,0) +

N(r),h(57 CL)

Proof. Using Lemma F.5 with P = P¢ (‘|s,a) and Q = Py, (:|s, a) it holds that

(r);h

(P& — PE)f(5,0) < erm (DKL (P (s, a) [P (s, 0)) 42 HEL (PG Clssa) [PEClssa)) - (32)
Now, since f’s values are in [0, H], we can write
Varpe (1o.0) () < PE(f2)(s,a) < HPE(f)(s,0) - (33)

Combining the latter inequality with the fact that for all a,b > 0, v2ab < a + b, we obtain

V2P (s 0) - H2KL (B, (s, ) [P5Cls.0)

< ZPE((s )+ HKL (PG (s )[PECls ) - (39

\/QVarp;’HS?a)(f)KL( (h (-]s, a)||Ps( |s,a)>

[S18%"(8,N(ry,n(5,a))
N(ry,n(s,a)

Furthermore, since £XL'(§) holds, we have the inequality KL (ﬁ(cr)’h(s, a)HPfL(s7 a)) < . Plug-

ging this bound in (34), we can upper bound (32) as
+ 2 SIF0 Ny (s,0)) | 21T 18K, N5 0)
N(T) h(s a) 3 N(T)yh(s, a)

)

(Pl — PRI (ls,0) < 5-PE(/)(s,0) +

which gives the result. The second inequality follows from the combination of Pinsker inequality and the definition
of EXL(§). O



D REGRET ANALYSIS

We define the common MDP M€ as
M

, 1 &
M= (8, A H {rf, = 57 ; rin, {PE}n) - (35)
We denote by V;"* and Q) the value function and the Q-function at step h in the common environment M¢. In

particular, these functions satisfy Bellman’s equations and Bellman’s optimality equations (Sutton and Barto,
2018)

Q" (s,a) =rji(s,a) + PRV [ (s, a) Vi (s) = Q7 (s, mn(s)) (36)
Q;;’*(S,CL) = rfcz(sv a) + PEV;;’_:I(S,GJ) ) V}j’*(s) = Igleaj( Q}?*(Sv a) ) (37)

D.1 Optimism

Let us define the following event

goptimism _ {Vr € [Rumax), V(s,a,h) € S x A x [H] : Vi n(8) > V¥ (s) — (26, + 35, H)(H + 1 — h),

Q(r),h(S,a) > Qp*(s,a) — (26, + 3epH)(H +1 — h)} )

Then, we will show that this event holds on event G(J). To prove the optimism of our estimates, we use the
same monotonicity arguments as in Zhang et al. (2021), see also Zhang et al. (2024b). Define
9(P, f,a) = Pf + max(y/a Varp(f),aH) , (38)

where P be is a probability measure on S, f € RIS is a non negative vector satisfying || f||cc < H, and « is a
positive real number.

Lemma D.1 (Lemma 14 by Zhang et al. 2021). The function g is non-decreasing in each entry of f.

For completeness, we provide the proof below.

Proof. To justify this claim, consider any s € S, and let us fix P,a and all but the s-th entries of f. It then
suffices to observe that (i) g is a differentiable almost anywhere function, and (ii) except for at most two possible
choices of f(s) that obey /a Varp(f) = aH, one can use the properties of P and f to calculate

P9P. L) o o f o PE)(S) — B[]
_ aH P(s)(f(s) = Ev~p[f(s))])
_P(s)—i—l{ aVarp(f)ZaH} Vol . = P
> min {P(S) + P(S) (f(s) — E;_}NP[f(S )]) , P(S)}
> P(s) min { H + f(s) _}?S/NPU(S/)] , 1} >0,
where in the end we used the fact that || f|l. < H. O

We define the bonus function as
*(8)H <(5,N (5 =
288* () ;\;115 ON) | \/8/3N( ) 'Varﬁ(r>(V(r),h+1)(8,a) , N>2
H

b(r)’h(s,a) =
) N<1

for N = N(;),1(s,a) and where 3* and ¢ are defined in Lemma C.1.

Lemma D.2. Under conditions of Lemma C.1, it holds E°P™sm C G(§) for any § € (0,1).

Proof. We process the proof by backward induction over h.



Base case For h = H + 1 and for all (s,a,7) € S X A X [Ryax|, we have
Viyn(s)=0>V7"(s) —0=0 and QA(T)_’h(s, a)=0>Q;*(s,a)—0=0,
which gives the desired result.
Induction Let h € [H] such that for all (s,a,7) € S X A X [Rpax] and ' > h
Virywr (8) > Vi (s) — (26, + 3¢, H)(H +1—h) , and (40)
Oy (5,0) > Q5 (5,a) — (26, + 3o H)(H + 1 —h) . (41)
First, let us consider a trivial case Q(T))h(s7 a) = H. The result is trivial since H > Q;*(s, a).

Next, we assume that Q(T) n(s,a) < H. In particular, by the definition of bonuses, it automatically follows that
N().n(8,a) > 2. In this case, according to the update rule (11), we have

an(sa) .
T)h8a>ZN())h(sa) #(8:@) by n(s0)
T )
n(r)h(s,a)
a Z Noyn(s,a) Pi(5:0) + Py 4 Vi st (5, @) + by (s, @)
M M
1 . n(sa) 1
:MZrh(sa)+P Vil (s,a) + by (s, a +Z]\7(()h Zr,ﬁsa
i=1 r)h S Mo

—
-
=

+ Py a Ve (s,0) = Virti(s,0)) + (P = PRy n)Vifi(s,0) + (PG = PRV (s,0) . (42)

(1) (1) (Iv)

Terms (I) and (III): heterogeneity errors First, let us handle the terms that come from the presence of
heterogeneity between agents. To analyse (I), recall that since for all (s, a,4,h,r) € S x A x [ | X [H] X [Rmax]s
either 1) ni,), n(s,a) = 0 and the value of 7} (s,a) is ignored in the weighted sum, or 2) n ny, )h(s a) > 0 and
Ti(s,a) = ri(s,a). Thus, wal %](s,a) is a convex combination of the true rewards over i, which
ensures that

M pi (s a) 1 X
(r),h\?>
(I) = ———Tr(s,a rp(s,a) > —2¢, . (43)
Z N(T)JL(Sa a) ;
Conditioned on £¢(d), Holder’s inequality yields the following bound on (III)

1158, N(ry,n (s, a))

H. (44
N(T),h(sva’) ( )

(ITL) = (P(,y 5 = P&y ) Vit (s,0) = =[P, (rnlln - Vel lloo = =265 H —
Term (II): correction error To control this term, we aim to apply Lemma D.1. We first define the shifted
estimator V() py1 as

Viryns1(8) = Vi ny1(8) + (26 + 3ep H)(H — h) . (45)
By the induction hypothesis (40), we know that Vi, p11(s) > V77 (s,a). We decompose further (II) as
(I1) = Py w Vit (5,0) = Py Vi (s, a)

. _ 43*(0) Varﬁ (]7(,«) h+1(s))(s’a) 48*(0)H)
> P Vi ni(s,a +max< o
(r),h ¥ )7h+1( ) N(r),h(saa’) N( )h(

)> — P(T),hv;l:z:l (57 a)



— (26, + 3¢, H)(H — h)

[0 Vs, V@0 apom
N(r),h(sva) N(r),h(sva)

where we used in the last inequality that for any a,b € Ry, max(a, b) < a+b and the fact that Is(r)_hf}(,.),hﬂ (s,a)—
ﬁ(r)’hv(r)7h+1(s7a) = —(2er + 3¢ H)(H — h). Now by applying Lemma D.1, we get

(H)Zmaxd 45+(0) Vs (VED)(5:0) 45+ (5)IT )_ J4/5*(5)Vargr)(v@),m)(s,a) 15 (O H

N(r),h(saa) ’ N(v’),h(sva) N(T),h(sva) - N(T‘),h(sva)

. J 1+(9) Varg | (V5] pa)(5:0) J 45+(0) Vars (Voynen)(5,:0) 4+ (5)IT )

N(r),h(saa) N('r),h(sva) _N(r),h(sva) .

(1) (2)

We want now to control the variance terms that appear in (1) and (2). Using inequalities (62) and (61) of
Lemma F.6, we have

Vargs

P (Vi‘;il)(s’a) > Varg, (V}?J;)(Sva) - 3H25p )

(r),h

Varﬁ(r) Viryhs1)(s,a) < 2Var§m Vi) hg1)(5,a) + 2§(Cr)’h|1_)(r)yh+1 - V(T),h+1|
< 2Varg, (Viryhi1)(s,a) +2(2¢, + 3, H)(H — h) |

where in the last inequality we used the induction hypothesis. Besides, as for any a,b,c € R4, we have a >

b—c = /a>+b—+/c, and also for any d, f € R, we have v/d+ f < Vd++/F, we get

” 46*(6) Varﬁm (V(CT’;hH)(s, a) N 45%(8) Varﬁ(nr) (V(CT’;hH)(s, a) 12e, H23*(5) . )
= - bl an
Ny n(s, a) - Ny n(s, a) Neyn(s,a)
@) = 46*(0) Varg  (Vir),n+1)(s, a) _ |8810) Varp (Vi) (s,0) L [807(0)(BepH +22)(H +1 1)
o Ny n(s, a) - Ny n(s, a) Ny (s, a)

(48)

Plugging the inequalities (47) and (48) in (46), we obtain

(I1) > 4'6*(6)Var'sf,->(v(cr’>*,h+1)(8’“)_ 85*(5)Varﬁ<,.>(’>(r>,h+1)(57a)_ 12¢, H23%(6)  48*(0)H
- Niry,n(s;a) Ny,n(s,a) Niyn(s,a)  Neyu(s,a)

- \/8ﬂ*(5)(3epH +2e)(H+1-h) (49)

N(,,‘)yh(S,CO

Finally, as for any a,b € R+ we have v2ab < a + b then

> 48*(5) Varﬁ(cr)(v(cr’)*,hﬂ)(&a) - 83*(9) Varg Vi) hp1)(8,a) e 108 (6)H
N(r),h(&a) N(r)’h(s,a) N(r),h(s,a)
4p*(0)H
B i e (50)

Term (IV): concentration error Conditioned on £*(§), we have

(IV) = (PG = PR)Vita(s,a) = = |[PGy = PRIV (s, 0)



2V&rﬁ(c” (V;1:1)(5aa)5*(5) 76*(0) - 4Var5(cr) (Vﬁil)(s,a)ﬂ*(é) B 148*(6)

Neyn(s,a) =1 Neyn(s,a) =1~ Neyn(s,a) Neyw(s,a)’
(51)
as for n > 2, we have % > .
Combine everything together By plugging in the bounds on (I), (II), (III), and (IV) in (42), we get
M
) 1 , 115°(0, N¢ry, (s, a)) 286*(6)H
Qi pls,a) > — ri(s,a) + PV . (s, a) + by n(s, a) — : H—
( ),h( ) M h( ) h h+1( ) ( ),h( ) N(T)JL(S,G) N(r),h(saa)

i=1

8ﬁ* (5) Varg (]> r),h 1)(87 a)
- Py (DIt — (3epH +2¢,)(H + 1~ h) = Q5™ (s,a) — (2, + 3¢, H)(H +1— h) ,
N(T)’h(s, a)

where the last inequality is a consequence of the definition of the bonus (39) and optimal Bellman equations
(37). O

D.2 Regret decomposition

We will start by writing down a regret decomposition. Let us define the essential technical quantities, such as
common regret and partial common upper regret

| LM 1 IM
* (1 STt (G e )Tt
R(T) == M va’ (St,l) - Vy (St,1)7 R, (T) = M ZZ t,h St n = Vi (St,h)
t=1 i=1 t=1 i=1

Lemma D.3. Assume conditions of Lemma C.1. Then, on the event G(6), the following inequality for any
partial upper common regret holds

M T H

oot 1 _ .
T ._ AT T T 2 i
R, (T) <U;, :=A; +Bj, +Cj, +T7eTH*e, +2eTHe, + \/8H2 -TH - 5(8)/M + E 1 tE 1 h/g thHl[[O;l]](Nnh,),

where

N i i
th ‘= N(n),h(st,hvat,h) )

4p*(9) Vari;tc y (Vh+1)(5t h' at he)
Ny

124 o0] (V. t, Fn) s

83*(9) Vargtc . (]}t,hurl)(si,h/’ ai,h’)
Ntﬂh,

L2itoe) (Vi pr)

223°(6, N}, ) + 46 HB*(8) + 2H?|S|B¥Y (5, N¢ )

o M T H
C}T::MZZZ — N, — oo ( N{p) -

Proof. Let us define 5§,h = f)t’h(si,h) 12 m(s;h) and let us study this term separately. Since the policy is

deterministic, i.e., aiyh = 7Tt,h<si7h), and satisfies Vt,h(siyh) = QAth(si,h, aivh)7 we have
52,11 = Qt,h(si,h’ai,h) - QZ’*(Si,hvai,h) + QZ’*(Si,ha ai,h) Qy m(si,ha a;h)-

Next, for empirical Q-values, we have the following bound due to the clipping mechanism and A-1

al nl,h( )
Z (s a)+P thh+1(S a) + b p(s,a)
i=1



<r5(s,a) + /F;t’hf)t’hﬁ,l(s, a) + by p(s,a) + 2e,,
thus, applying Bellman equations (36) and optimal Bellman equations (37), we have after a simple rearranging
5;}1 < Pt,hvt,hﬂ(si,hv ai,h) - szv}iil(si,h’ai,h) + bt,h(si,hv ai,h) + P [V;EL - Vﬁfﬂ (si,h»ai,h) + 2¢,
=[Py — PZWt,thl(Si,hvai,h) + Py, [f}t,hﬂ - Vfiff] (Si,h’ ai,h) + bt,h(si,hvai,h) + 2.

In the decomposition above, we further rearrange it, using a virtual estimate of I?’f ,, defined in (24) and re-
introducing again the kernel for i-th agent P}L

~

ti,h < [Pt,h - Ptc,h]vt.,thl(si,hv ai,h) + [Pf,h — Pl [f}t,hﬂ - V}EL} (si,hvai,h) + [Ptc,h - PE]V;L(Si,hvai,h) (52)
(A)

(B) (©)
+ [P, — Plﬂ [f}t,hﬂ - foﬂ (Si,m ai,h) + P;il |:]>t,h+1 - V}iiﬂ (Si,m ai,h) - f}t,h+1 - V;L:If (Si,hﬂ) (53)

(D) ::Cz,h

Vs = V] (shna) +bun (st abp) + 261 (54)

6:,h+1

Next, we analyze each term separately. With a slight abuse of notation, let us define Nzh = N(m,h(s;h, ai’h).
In the sequel, we analyze only such (¢,i, h) € [T] x [M] x [H] such that ]\_ffvh > 2. In the case where Z\_ftih <1, we
have the trivial bound 6;,1 < H.

Terms (A) and (D): heterogeneity errors First, let us handle the terms that come from the presence of

heterogeneity between agents. To analyze (A), let us apply the definition of the event £(§) C G(4) combined
with Holder’s inequality

11HB<(0, Nt",h)

(A) < Hllpt,h(si,mai,h) - Ptc,h(si,hvai,h)”l < 2Hep + N
Lh

For (D) we apply Holder’s inequality, A-1 and Corollary F.2

(D) < 2H||P§(sy s aip) = Pi(sinsai )l < 2He, .

Term (B): correction error To analyze this term, we apply Lemma C.2 with f(s') := [Vipy1 — Vi I(s')
and get

2H?|S|BRE (9, N} )

1 \ C,% i i
(B) < EPE [Vt,h+1 - Vhlrl] (8t.nratp) +

Niy
M1 __re w1 s . 2H?S|BRN(6, N )
< EPE {Vt,h-l-l - V;L:l‘rl:| (st,haat,h) + Ntlh ’
@ 1 1 1, 2H?(S|"M (6, N} )
< E(D) + 70uht + ECtJH»l + N7, .

where (1) follows from the definition of optimal policy, and (2) follows from a simple rearranging of terms, similar
to the decomposition of 5; n- Additional term (D) appeared compared to a standard decomposition.

Term (C): concentration error From the definition of the event £*(§) C G(J) defined in Lemma C.1, and
from the analysis of the case Ntiﬁ > 2 it follows that

2Varg. (Vil)(spp 01 0)8%(0)  7g+(s)

4Varg. (Vil)(stna;)B80)  14p%(5)
s 5 | " |
N{p —1 Nip—1

(C) < =
Nt,h Nt,h

<




Bounding the bonus From the definition of the bonus (39), we have for all (¢,7,h) € [T] x [M] x [H] such
that N/, > 2

bt,h(si,haai,h) = Ntih Nti,h 'Varﬁ(r) O}(T):h-‘rl)(saa) .

286" (9)H + 1150, Nj,) \/85*(5)

Using the inequality (62) of Lemma F.6, we have Varg Vrni1) (st ,,al ) < Varg. (Veni1)(st,,al ) +3H?e,.
£, ) ’ t,h ? ’
Besides, as for any a,b € R, we have va+b < \/a + Vb, we get

sh

84*(8) Varg, ,L(f)t,hﬂ)(si,ha a;h) 843*(6) Varﬁ;, (f}t,hﬂ)(si,hv ai,h) 24e,H?3*(0)
i = Vi + Vi :
N Nin Nin

Now as for any a,b € Ry, we have v2ab < a + b, we get

86*(6) Varg, (Vint1)(si -l ) - 86*(6) Varp, (Ves1) (i 04.0) gy MHBO)
= < —— € —_— -
N¢y, N{y, P N{y,

Combine everything together After combining all the terms, we have for all (¢,4, h) € [T] x [M] x [H] such
that N/, > 2

1\ . 1\ . 223°(6, N? ) + 46 HB*(8) + 2H?|S|BXY (6, N?
L S 7H25p + 2Er + 1 4+ = 62’}1_‘_1 +(1 + = Ctl 1 ( t,h) EZ) | | ( t,h)
H H Ni,

4Var§tc,h (Vthl)(st ho a’t 1)B*(8) 86*(9) Varﬁtc} (f}nh-l-l)(si,ha ai,h)

h
,

+ _
Niy Ny,

+

Let us define 3, = (1 + 1/H)H¥~". Notice that for any h > 0 it holds 7, < e. Then by summing and expanding
over h € [H| we have

M T H M T H
. 1
R, (T) < 7eTH?e, + 2T He, + 7 SN waalip + m ZZ Z 2eH 10,11 (N} 1)
i=1 t=1 h'=h i=1 t=1 h'=
o M T H 4% (8) Varﬁfhlwhﬂ)(st h,,at ) .
+MZZZ : N 12,4001 ( th’) = Ay
i=1t=1 h/=h t,h!
M T H o 8B(8) Varg. (Viwg) ()0l )
e pe, Mt th s g .
+*ZZZ —= 12,4001 ( th’) = By,
M i=1 t=1 h/:h\ N; h!
M T H c(5 AT * 2 KL/5 N7
+MZZ Z = N L Lgipoo] (N 1) - =Cy
t.h

@
I
—
-
Il
—
<
Il
>

To conclude the statement, we apply a definition of the event £(J) to the third term in the decomposition
above. O

Lemma D.4. Define Nf,h = N(m),h(si,hﬂ ai,h). Assume conditions of Lemma C.1. Then, on the event G(4), the
following inequalities holds:

M G & Izipooy (Vi) MTH

[25400] t.h e
SN Bl < 18] A H log ()
: N/, STTA|

'Ni < 8H\/|S||AIMT




T H
Zzl[[ou] tn) < AH|S[|A] .

1t=1h=1

=

K2

Proof. The quantity ]\thih(s a) represents the exact number of visits of the pair (s,a) at step h until episode ¢,

and after the first ¢ agents executed the h-step. We want to bound Ny, using Ntlh(st h» @ 1,) SO that we can
compute the latter sums by applying the pigeon-hole principle. To derlve such a bound we dlstlngulsh two cases:

Case 1: N,

re,h

n(s,a) < v(6,T) In this case, by the synchronization rule described in Algorithm 2, we have
nt n(s,a) < Zn( (8 a). If we sum the latter inequality over all the agents, we obtain Ntf\,/{(& a) < 2Ny n(s,a).

Now using definition of N/, (s, a) yields

Ney,n(s,a) < Ntfh(s,a) < 2N(),n(s,a) .
Case 2: N, p(s,a) > v(0,T) In this case, the synchronization rule ensures Ntfh(s,a) < 2N, n(s,a). Condi-
tioned on £°"(4), we have Nt]‘,{ (s,a) < X Ntzh(s a). Combining the two latter inequalities gives

Ney,n(s,a) < thfh(s,a) < AN, K(s,a),

where the lower bound follows directly from the definition of Nt’ ;- Using the two previous inequalities, we derive
the following bound

Ntl,h < Ntz,h(sg,mai,h) < 4Ntl,h .

Applying the latter inequality in the first sum of the lemma yields

I R
=1 t=1 h=1 1=1 t=1 h=1 Ntlh

By construction, this counter is thus incremented by at most 1 every time and we can apply the pigeon-hole
principle on this counter which yields

H
eMTH
<422, ) (log(Nra(s,a)) + 1) < 4SIlA1H bog (sm) ’

>
Il
-
w
m
C/)
§>

where we used the concavity of the logarithm in the last inequality. Similarly, we have

JXW:ZT:XH: Lz ool (Vin) _ iii 4 Instol (Vi)
i=1t=1 h=1 N;h a i=1t=1 h=1 Ntih
H NT h(s,a)
<2 \[<8ZZZ\/W<8H ISI|AIMT ,
h=1 s€ ae h=1s€SacA

where we used the concavity of the square root in the last inequality. Now as Ntfh(si, s af;,h) < 4]\7; 5, then we

have 1y, 1]]( K h) < Losap (VY ) Plugging in the latter inequality in the last sum of the lemma yields

iiilm )Siiilm iZZilﬂHISHAL

=1 t=1 h=1 i1=1 t=1 h=1 h=1seS acAn=1



For ease of reading, we define S™?*(4) as

B™(5) := max (BK%&MT),BC(&MT>,6*<6>,/3<)W( T).1o (gfﬁ)) (55)

Lemma D.5. Assume conditions of Lemma C.1. Then, on the event G(0), the following inequality holds

M T H
SN Varg. (Veli)(stn af p)Lioc) (N7 ) < 2H?T + 2H?UY + 11HTe, + 6HTe,
i=1 t=1 h=1 '

S

«
Il

+ BOHSBmax(5)|8||A‘1/2T1/2M71/2 ,

and we also have

M T H
1
i S Varg, Vens1) (8t a4 )1 2iroo) (N1 p) < 2H?T + 2H?U + 1THTe, + 10HTe,

i=1 t=1 h=1

+ 30H3Bmax(5)‘8||A‘1/2T1/2M_1/2 ’

where f™**(0) is defined in Lemma C.1 as a worst-case concentration logarithmic factor.

Proof. Using inequality (62) of Lemma F.6, we have

M T M T H
1 1 i i
M Z Z Z Varpc Vh+1)(5t B @4 w1 +oo]]( t, i) < o M Z Z VaTP;L (V;L:il)(st,hv ay 1) 1itoc] (Vi 1)
i=1 t=1 h=1 i=1 t=1 h=1
(W)
1 M T H
+3H2MZZZ||(P}L PEn) (st s @t ) 112 4oop (Vi 1)
i=1t=1 h=1
(X)

Term (X): We have for any (s,a) € S x A

2|S|BXE(8, N{ 1)

IP(s,a) = PS (s, a)lli < [[Ph(s,a) = Pi(s,a)ll1 + [P5(s,a) — PEu(s,a)ll <ep+ \/ i ;. (56)
t.h

where the bound on ||P} (s,a) — P5(s,a)|1 is provided by Lemma F.1 and the bound on ||P§(s,a) — Istc,h(s7 a)ll1
is provided by the second inequality of Lemma C.2. Thus we get

M T H M T H NG
3H> 2|S|BRE (6, N 1)
MZZZH Ph - th Sthvath)”11[2+00]]( th §WZZ 5p+\/1\7¢’1[[2+oo]]( th)'
i=1t=1 h=1 i=1 t=1 h=1 th
Finally applying Lemma D.4 yields
. 2HOBKL(5, MT)|S|?| AT
M
Term (W): Using inequality (61) of Lemma F.6, we have
| Mo T H | Mo H _
A arP‘ h+1 St haath)1[2 +oo]]( ) ZZZQV&TPL h+1 (St ho @4 e +oo]( )
i=1 t=1 h=1 M== h=1

(Y)

2HPh|vh+1 ;Lj:i (Si,hvai,h)l[[2;+oo]] (Nti,h) )

<l
NE
M)~
M=

@
Il
_
o~
I
-
>
Il
_

(2)



where we recall that V;Lj:tl is the value function of the policy 7 in the environment of the i-th agent (1).

Conditioned on £V27(§), we have

¥) < SHOTBY™(0,T) | GH*6"™"(6,T)

2H?T
< i i +

Now by Corollary F.2, we have conditioned on £°PY™ism for all s € S

Viii(s) = Vi)l < Vel (s) = Vil (o) + Vi (s) = Viri(s)
<epH? + & H + Vipii(s) — Vit (s) + (2e + 3, H)(H — h)
< 45PH2 + 3¢, H + Vt,h+1(s) - V,ff{ (s) .

Using the definition of 5§)h and (;hﬂ introduced in Lemma D.3, we have

M H
1 7 7
S Z Z Z 2H (dep H? + 30 + 0} )y + ¢ 1)

i=1 t=1 h=1

SHTB(3)
M

SH5TH(9)

H
+2H Y W, (T) < 8H*Te, + 6HTe, + i

h=1

< 8H3Te, +6HTe, + + 20U},

where the second inequality holds conditioned on £(¢). Combining everything yields

M T H
1 * (i i i
DTS Vare (V) (ks @) Lzt (V) < (X) + (Y) + (2)
=1 t=1 h=1
2HSBKL (5, MT)|S|2| AT \/8H5Tﬁvaf(6 T)  6H3BVar(5,T)
< 11HT 24\/ ’ ’ ’ 2H°T
< e + i + i + 7 +
H5TB(
4 6HT:, + 87]\45() +oH2UT

Now let’s move to the second inequality of this lemma. Again by using inequality (62) of Lemma F.6, we have

1 M T H 1 M T H
7 szafpc V1) (54,0 @4 ) L2 400] (NE 1) ZZZVMW Ve t1) (54 s 1) L 2ioc) (N7 1)
=1 t=1 h=1 l:1 t=1 h=1
(W”)
1 M T H
+3H° — ZZZH (Ph = PEn) (8t at i) 1 1 2ioo] (NE ) -
1=1 t=1 h=1
(X)

Term (W'): Using inequality (61) of Lemma F.6, we have

| M T H A o ) 1
Vi DD Varp: (Vonsr) (st ah ) Liziroc) (Vi

i=1 t=1 h=1 %

T H
ZZQV&TW h+1 (Sthaath)l[[ZJroo]]( )

1 t=1h=1

Mz

(Y)

WE

Y

=1 t=1

2HP£|]>t,h+1 - Vh+1 (st h> at h)l[[2 ;+oo] (N ) .

._.
>
Il

1

(z)
Now again by Corollary F.2, we have conditioned on £°PHmis™ for a]]l s € S

Venr1(s) = V)] < Vil (s) = VT ()] + Venra(s) + (2er + 3o H)(H — h) = Vilt + (2 + 3¢, H) (H — h)



< epH? + & H + Vy i1(s) — ViTi(s) + 2(2e, + 3¢, H ) (H — h)
< 7EPH2 + 5ErH + ]A}t’}H,l(S) — V;f{ (S) .
By combining the bounds that we have on (X),(Y), and (Z’), we derive the following bound

LSS S Varg, D) st L) (Vi) < (X) + (Y) + (2)

i=1 t=1 h=1

2HSBKL (5, MT)|S|2|A|T \/8H5T5Var(5 T) G6H3BVar(6,T)
< 1TH®T 24\/ 2 2 d 10H?T
<17 Ep + i + i + i +10
5
+ 10HTs, + ﬂMB@ +2H2UT .

Finally, as we have

M
8H5]1\;ﬁ(5) < 3H35max(5)‘8||A‘1/2T1/2M_1/2

6 KL 2
24\/2H B (57MT)‘S| |A|T S48H3l8max(6)|8|‘A|1/2T1/2M71/2

8H5TﬁVar(5’T) < 3H35maX(5)‘S||A‘1/2T1/2M71/2
4]\4 >

3 QVar
6H ﬂM (57T) < 6H3£max(§)\s||A‘1/2T1/2M71/2’

then

M T H
1
—ZZZVMW Vens1)(Shp )1 2itoo) (Nf ) < 1TH?Te, + 10HTe, + 2HT + 2H U]

i=1t=1 h=1
+ 60 H° 3™ (6)[S|| AT 2 M2

Lemma D.6. Assume conditions of Lemma C.1. Then, on the event G(4), the following inequality holds
AT < 23¢- B™(3) - /EPIS|[AITM T + 23¢8™(8)/ H3|S||A|UT M1
+ 16e™*(8)T (6 H?e, + 3He,) 4 96 H3|S|3/2| A/ M~/ (gmx(5))?

(
)
B < d6e- 4™*(5) - /HIISIAITM 7 + 46¢5™(5)\/ H3|S|| AU M1
+ 32e4™%(8)T(6H?ep + 3He,) 4+ 192¢ H3|S|3/2 | A| M ~1/2(gmax(5))?

T < 272/ SPIAM " HP (8™ (5))? .

Proof. Term AT. To bound the term AT, we start by applying Cauchy-Schwartz inequality

1[[2;+00]] (Nti,h')

4B8*(9) Varﬁ: . (Vh+1)(st h'> at w)
Nt h’

) 254001 (N} 1)

o | MoToH M T H o 4ge(s
Z Z Z Varﬁtc (Vthl)(st s h’)l[[2 o] ( Ny w) Z Z Z Ni. )
; — - i=1 t=1 h'=h h

Now, applying Lemma D.5, Lemma D.4, and the subadditivity of the square root, we obtain

165™2%(§)e
Al < \/M( 2H3|S||A|T + \/2H3|SHA|U1T + \/H2|8||A|T- (11H?¢, + 6He,)




+ \/60H4|S|2|A|3/2T1/2M—1/2 ,Bmax(é)) ]

Next, we analyze the last two terms in the upper bound above. For the third one, by a standard inequality
v2ab < a + b it holds that

VE2IS|IAIT - (11022, + 6Hz,) < 3HTe, + 6H*Te, + H|S||A] .

Notably, the first two terms already appeared in the regret decomposition; see Lemma D.3. For the last term,
the decomposition is more standard

\/60H4|$|2|A|3/2T1/2M—1/25max(6) < 6y/H3[S[JA|T + 5H/|S[*/2| A|M /2 g™ (5)
Thus, by a simple rearranging of the terms and applying inequalities M > 1, H > 1, we have

AT < 23¢ - g™2x(5) - \/H3|S||A|ITM -1 + 23eﬂmaX(5>\/H3|3|\A|U1TM—1
+ 166 (8) T (6 Hep, + 3He,) + 96eH?[S|>/2| A/ M ~1/2(Bmax(5))? .

Term BT. Similarly, the bound for the term B{ is derived using a combination of Cauchy-Scwartz, Lemma D.5,
Lemma D.4, and the subadditivity of the square root

BT < 46e - f™(8) - /H3|S||ATM =1 + 46e3™%%(5) \/H3|S||A|U1TM—1
+ 320 (§)T(6H?e, + 3He,) 4 192e H3|S /2| A| M ~/2(Bm2x(5))2 .

Term C{. Finally to estimate CT, we apply Lemma D.4

e L I A 22596, N ) +46HB*(6) + 2H?|S|BXE(6, N} 1)

1[[2 +oo]]( t, h’)

M i=1 t=1 h'=h tZ’h
68H28ﬁmax (5) M T H 1 max
<A Y S N7, (N7)) < 272/SP2LAIM B3 (87 (5))? .
i=1 t=1 h=1 ’

D.3 Proof of Theorem 4.1

Hereafter, we establish the following bound on the regret

R(T) < 138e\/H3[S|| AT M~1(Bmx(5))2 + 6020e® H3|S[*|A|(B™%(5))? + ef™*(8)T H(595He, + 148 He,) .

Proof. Let us start by moving from our regret to a regret connected to a common kernel, using a combination
of Corollary F.2 and A-1

1 T
R(T >

t:l i3

T M
VT (shy) = Vi (s ZZ ) = Vi (st ) +2T e, H? + 2Te, H .

Mz

Il
-

Re(T)
Next, we assume that the event G(9), defined in Lemma C.1 holds. Then Lemma D.2 implies

T M
c M 1 )Tt
RE(T) < Ry (T) + 3T, H? + 2T, H = i SN Vialsty) = VP (st ) + 3T, H? + 2Te, H .

t=1 i=1

By Lemma D.3 we have
RUT) <UL = AT + BT + CT + 7eTH?e, + 2eTHe, + \/SH3T - 5(6)/M + 4eH?|S||A| ,



and, applying Lemma D.6, we have the following quadratic inequality on Uf

UT < 69 8™(5) - \/HBISTTAITM T + 69c5™(6)\/ H3|S|| AUT M1
+ 144e™(§)T(2H?e, 4 £, H) + 288 H3|S|*/2| A| M ~Y/2 (g™ (5))?
+ 272|S|2| A M~ H3(™%%(5))? + eT(TH?e, 4 2He,) + /SH3T M —13max(§) + 4e H?|S||A] .

After some rearranging of the terms, we have the following simplified version

UT < 69 - 8™(8)\/ H3|S||AUT M1 + Tle - 8™(5) - \/HIS|IATM
+ eS8 (8)T(295H e, + 146 He,) + 560 H>|S|?|A|(B™**(5))? .

Finally, using inequality 2ab < a? + b2, we have

1
69¢ - 7 (8)\/ H3|S||AIUT M1 < SUT + 24500 S| | AM 1 (57(6)?

thus

UL < 138e\/H3|S|| AT M~1(8mx(5))2 4 6020e? H3|S|?|.A|(8™2(6))? 4 ef™*(6) T H(590He, + 144He,) .

E COMMUNICATION COMPLEXITY

In the sequel, we prove the bound on the communication complexity of Fed-UCBVI stated in Lemma 4.1.

Lemma 4.1 (Communication Complexity). With probability at least 1 — 4, the number of communication rounds
of Fed-UCBVI is bounded by
&(T) < O(|S||A|H log T + M|S||A|H loglog T
+ M|S||A|H log(1 + &,T)) ,

where logarithmic dependence in |S|,|A|, H, 1/6 and M is ignored.

Proof. Let us fix (s,a,h) € |S| x A x [H] and bound the maximum number of abortion signals triggered by
this triplet. We define R as the value of the variable r that indicates the current round of the communication,
defined in Fed-UCBVI, during iteration 7". Let us also define ks 4 ; as the number of times agent 7 triggered the
synchronization rule because of the triplet (s,a, k) and ks 4 5 the number of times the synchronization rule was
triggered because of the triplet (s, a,h). Recall that

v(6,T) = 14e, THM + 182M (5, T) . (57)

We distinguish two cases:

(1) N(ry,n(s,a) <v(8,T): Thus, it holds that 2Fs.ani < an) p < v(0,T). Thereby ks o.n,: < log(v(6,7T)). Hence,
we have ks o < Mlog (v(5,T)).

(2) N(ryn(s,a) > v(0,T): In this case, we can define

mn = min{r € [R] : Ny u(s,a) < v(5,T) and Ni,p1)(s,a) > v(6,T)} .

s,a,h —

By the precedent case, we have k;;“:lnh < Mlog (v(6,T)). Now let us denote by 71, ..., r,, where p = kg o.p — kgl(i;}h,
the indices of the rounds where the synchronization rule was triggered because of the triplet (s, a,h) starting

from round k™%, . Thus, for a certain i € [M], we have

]\Af(inﬂ)’h(s,a) > 2Ny —1),n(8,0)



Under the event £°"(4), we have for any t € [1;p],

- 3 1 4,
N(%+l),h(s,a) Z ?N(T‘H,l),h(s’a) + ?V((;, T) Z ?N(Tt+l)7h(s,a),

where N(%ﬂ) n(s,a) is defined in (29). Combining the two previous inequalities, it gives

Nt yn(s:a) =2 (4/T)Nip,,, —1).n(5,0) = (8/T)Niryy n(s,a) = (8/7)N(%),h(5aa) ;

where the second inequality comes from ;1 > r; and monotonicity of the counters. Unrolling the last recursion
yields

kmin

TM > Nty (s,a) > (8/T)kean=Feany(5,T) .
Thus, we obtain

log(TM/v(6,T))
log(8/7)

log(TM/v(6,T))
log(8/7)

ks,an < Ko +

&y

< Mlog (v(5,T)) +

which yields

log(TM/v(6,T))

E(T) < Rpax = M|S||A|H ] 6, T S||A|H 58
(1) < SIALH log (v(0. 7)) + |8]1A1 5 B0 (58)
O
F TECHNICAL LEMMAS
Lemma F.1 (¢;-norm Bound). Assume A-1, then
pPe(. —Pi( <egp.
a1 IPRCls @) = Pi(ls, a)l < ep
Proof. Let (s,a,h) € S x A x [H|. Using A-1, we get
IP (s, a) = PiCls,a)lh = Yyes PR (s|s,a) = Pi(s'ls,a)| = Yyes eplPR(5]s,a) = PR (s']s,0)] < g .
O

Lemma F.2. For any policy m, for any (s,a,h) € S x A x [H], and for any (i,j) € [M]?, we have

|d;’07jh(s7a) - di.fh(sv a)l <epH .

Proof. Let us consider two following MDPs My = (S, A, H,{P,, ;}1<n <#,{1(s,0)()1n(h) 1< <mr) and Mo =
(S A H APy s hi<w<ms {1(s,0)()1n(R') }1<n<m). Let’s denote by f/}:” and f/,f” the values function associated
with the policy 7 in these two respective environments. We have

H

‘7}:777(50) =E, Z 1(5,a)<sﬁua§z)1h(h/) =E, [1(5,(1)(327@2)] = d;:h(sva) .
h/=1

Similarly, we have f/hj (s0) = dg[’:h(s,a). Finally applying Lemma F.8 combined with Holder’s inequality, and
the fact that ||V [|o < 1 yields

|d;$h(s,a) - dg(’:h(s, a)| <epH .



F.1 Bellman type equations for the variance

For a deterministic policy m and an agent i, we recall the following definitions of the Bellman-type equations for
the variances as follows

oQi"(s,a) = Varp: (V;L’L)(s, a) + P,’;UV;;’L(S, a)
Vi (5) = Q)7 (s,7(s)
Vifis(5) == 0. (59)

where Varp: (f)(s,a) == Eypi(|s.a) {(f (s") =P} f(s, a))Q} denotes the variance operator. Unrolling the prece-
dent relation yields

Vi ( Z Z dby( (s d ) Varp: (V,i’iﬁ(sﬂa’) ,
h=1s’,a’
where d;g (s’,a’) is the probability of visiting a pair (s’,a’) in the i-th environment while following the policy 7
and starting from a state s. Next, we state the well-known Bellman equation for variances (see, e.g., Sobel 1982;
Azar et al. 2017).
Lemma F.3. For any deterministic policy w, for all h € [H], and for all i € [M],
" 2
Er (Z rﬁ'(sﬁwal}u) - QT(%»%)) (3276&) =(s,a)| = Q}l’ﬂ(s,a) : (60)
h'=h

In particular,

H 2
E. (Z i (shh) —v;”f(sa)) VI (sh) = 3 5 s.0) Vi, D) 510).

h=1 h=1 s,a

F.2 Concentration inequalities

Lemma F.4 (Deviation inequality for categorical distribution, Jonsson et al. 2020). Let (X;), . be i.i.d. sam-

ples from a probability measure P supported on {1,...,m}. We denote by Ign the empirical vector of probabilities,

i.e., for allk € {1,...,m},
1 n
)= > 1 (X0).
=1

For all P and for all 6 € (0,1),

P (In € N nKL(P,[[P) > 1og(1/6) + (m — 1)log(e(1 +n/(m —1))) < 4.

Lemma F.5 (Corollary 11 by Talebi and Maillard 2018). Let P,Q two probability distributions on S. For all
functions f : S — [0, H],

Pf—Qf < v/2Varq(f)KL(P|Q) + %HKL(P,Q) .
where we have defined P f :=Eqp[f(s)].

Lemma F.6 (Lemma H.9 by Tiapkin et al. 2023). For any two probability measures P,Q on S, for f,g: S — [0, ]
two functions defined on S, we have that

Varp(f) < 2Varp(g) +20P|f —g| and (61)
Varq(f) < Varp(f) + 30°||P — Q|1 (62)

where we denote the absolute operator by |f|(s) = |f(s)| for all s € S.



Lemma F.7 (Theorem 4 by Maurer and Pontil 2009). . Consider any 6 > 0 and any integer n > 2. Let
Y, Y1,...,Y, be a collection of i.i.d. random variables falling within [0,1]. Define the empirical mean Y :=

%Z?:l Y; and empirical variance ?n = %Z?:l (Yi — }7)2' Then we have

n

E[Y]—%ZYZ» >

i=1

2Y, log(2/8)  Tlog(2/6) <5

P
n—1 3(n—1) | —

Below, we state the self-normalized Bernstein-type inequality by Domingues et al. (2021c¢). Let (Y3)tens, (we)ien+
be two sequences of random variables adapted to a filtration (F;)ien. We assume that the weights are in the
unit interval w; € [0, 1] and predictable, i.e. F;_; measurable. We also assume that the random variables Y; are
bounded |Y;| < b and centered E[Y;|F;—1] = 0. Consider the following quantities

¢ ¢
Sp=> wY,,  Vii=Y w? E[YZF_i],
s=1 s=1
and let h(x) = (z + 1)log(z + 1) — = be the Cramér transform of a Poisson distribution of parameter 1.
Theorem F.1 (Anytime Bernstein-type concentration inequality for martingales). For all § > 0,

b| S|
V, + 02

P [Ht >1,(Vy/b? + 1)h ( ) > log(1/6) + log (4e(2t + 1)) | < 6.

The previous inequality can be weakened to obtain a more explicit bound: if b > 1 with probability at least 1 — 6,
forallt > 1,

1Sy| < \/2V; log (4e(2t +1)/0) + 3blog (4e(2t +1)/5) .
Next, we apply this Bernstein inequality to a particular distribution. Let F; for ¢ € N be a filtration and (X¢)ien«

be a sequence of Bernoulli random variables with P(X; = 1|F;_1) = P, with P, being F;_;-measurable and X,
being F;-measurable.

Corollary F.1. For all § > 0,
de(2n+1)
P4 P+ 111 <.
(o R IE

Proof. Given a simplified version, we have with probability at least 1 — § by applying inequality 2ab < a? + b2
for a,b >0

Z X, - P,
t=1

_Pt

<\/2 % 8log (de(2n + 1)/8) + 3log (4e(2n + 1)/8) < ZPt+1llog(4e(2n+1)/5)

t 1

F.3 Performance-difference Lemma

Lemma F.8 (Lemma 3 of Russo 2019). Let us consider two MDPs M; = (S, A, H,r) PW) and My =
(S, A H,x® PO Let Vfl)’ (s) and V( )’W( ) are values of a fized policy m in MDP M; and My respectively.
Then it holds

)

H
VO (g) Z YT () Z By s [Z (rgl) _ rg)) (sh,an) + (P}(Ll) P(?)) Vﬁi’i (5n,an)
h=1

where expectation is taken over the trajectories (s1,a1,...,SH,any) generated by policy m in an MDP M.



Corollary F.2. Let us consider two MDPs My = (S, A, H,x) PW) and My = (S, A, H,r® P such that
V(s,a,h) € SXAX[H]: |r£11)(s,a)—r(2)(s,a)| <e&, |V,(Zl)’w(s)| <e, |V,(12)’7T(s)| <e¢, and HPf(Ll)(s,a)—P}(f)(s,a)||1 <
ep where ¢ > 0 is a positive constant and V{l)’ﬂ(s) and V1(2)’7T(s) are values of a fized policy ™ in MDP My and

Moy respectively. Then it holds
Vfl)’ﬂ(sl) - VfQ)’ﬂ(sl) <epcH +¢.H.

Proof. Follows directly from combination of Lemma F.8, Holder’s inequality and a fact that ||V,(12)’ﬂ||1 <e O

Inspired by a construction of Ross and Bagnell (2010), we can show that dependence H? in terms of ¢;-distance
between two models in non-improvable.

Lemma F.9. There exist two MDPs My = (S, A, H,r,PY) and My = (S, A, H,r,P?) with the same reward
function and different kernels, H > 2 such that ¥(s,a,h) € S x A x [H] : |P}(s,a) — P2(s,a)|l1 < ep for
0 < e, < 2/H. Then there is a policy © such that values V"™ (s) and V{'™(s) in MDPs My and My satisfy

VT (s1) = V™ (s1) = Qep H?) .

Proof. Consider the problem with 2 states {s1,s2} and 1 action {a}, the agent always starts at s;. The reward
function satisfies rp(s1,a) = 1,rp(s2,a) = 0 for all h € H. Finally, the transition kernels are the same for all h
and are defined as

P;L(51|51;a) =1 — Di, P;;L(52|81,a) = Di, P;“L(Sl“SQaa) = Oa P}i(82|82,(1) = 17

for i € {1,2}. In other words, the state so is a sink with zero reward. Since there is only one action, the value is
the same for any policy 7. Let us take p; = 0 and ps = &, then under the kernel P! the value Vll’” (s1) is equal
to H, whereas under the kernel P2, the value function V11 "™ (s1) it is equal to

1:1_(1_5p)H

VET(s1) =14 (=) + (1 =)+ ...+ (1 —gp)"~ =
p

Then we have

Vi (s1) = ViT(s1) =

Now as 0 < ¢, < 2/H, Bernoulli’s inequality yields

. . Hey — 1+ (1 —e)H/2(1 —e,)H/2 _ Hey —1+ (1 —Hey/2)(1 — Hep/2)  e,H?
Vll, (81)—V12’ (81): p ( p) ( p) > p ( p/ )( p/ ) _°p ’

€p €p 4

where the first inequality comes from (1 —z)" > 1 —rax for 0 <z <1 and r > 1. O



